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Abstract
The discovery of the quantum Hall effect in 1980 opened to physics one of the
simplest systems for studying many-body correlations. Numerical techniques and
trial wavefunctions have proven useful for describing the novel collective behavior
of the electrons, but have not fully explained all features of the fractional quantum
Hall effect. For example, it is predicted that Landau level mixing should have a
moderate effect on the system for all but the very strongest magnetic fields, but this
effect has not been extensively studied. Among the tools most useful to modeling
and describing the quantum Hall system is the Haldane pseudopotential, which is
the energy of electron pairs as a function of their coupled total angular momentum.
Because the pseudopotential uniquely determines the correlative behaviors in the
quantum Hall system, the study of the pseudopotential is particularly important. In
this dissertation I will first derive novel analytic expressions for the pair interactions
and the pseudopotential using the techniques of angular momentum algebra. Then,
I will use these results to numerically determine the effect of Landau level mixing on
the pair pseudopotentials.
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Chapter 1
The quantum Hall effect
In recent decades, research into systems involving strongly correlated particles has
increased tremendously in many fields, including atomic, nuclear, and solid state
physics. A correlated system refers to any system where particle-particle interactions
affect the behavior of the system as a whole and where these interactions cannot
be ignored in any accurate model of the system. Although an exact description of
correlated electrons is impossible for macroscopic systems, small systems are simple
enough to allow exact numerical calculations of their spectra.

In addition, the

quantum Hall system is somewhat unique in that the aggregate behavior can be
predicted based on modifications to the pair interactions. In this dissertation, I will
derive an analytic formulation for describing the pair interactions, known as the pair
pseudopotential, and will calculate how level mixing affects the pair interactions.
But before discussing my results, I will first discuss the physical system being
modeled and its historical discovery.

1.1

Physical system

The quantum Hall system is a two-dimensional metal sheet with a strong magnetic
field, B = Bz , applied perpendicular to its surface. When a current flows along the
surface, say in the x-direction, the magnetic force deflects it towards the edge of the
1

sheet. The charges build up at the edges until their electric field, Ey , produces a force
on them that exactly balances the magnetic force, and all additional electrons continue
undeflected in the x-direction. The Hall coefficient is defined as the ratio of the
resulting electric field to the magnetic field times the current density, RH = Ey /Bz jx ,
once the system has reached equilibrium. In the classical Drude model, the Hall
coefficient is a fundamental property of the metal [Ashcroft and Mermin (1976)]
and provides a direct measurement of carrier charge and density. However, at low
temperatures, the Hall coefficient is non-linear as a function of the magnetic field.
At certain values of the magnetic field, the Hall coefficient levels off into plateaus, as
seen in figure 1.1. In addition, the longitudinal resistivity, Vx /Ix , drops dramatically
at these plateaus. The Hall coefficient is quantized as RH = νh/e2 , where the filling
factor, ν, takes on integer or rational fraction values. The integer quantum Hall effect
(where ν is an integer), is so robust that the measured value of h/e2 is used as the
international standard unit of resistance [NIST (2005)] known as the von Klitzing
constant, RK , after Klaus von Klitzing who first discovered it in 1980 [Klitzing et al.
(1980)]. The fractional quantum Hall effect (where ν is a rational fraction) was
discovered only a few years later by Tsui, Störmer, and Gossard [Tsui et al. (1982)].
The single-particle solutions to the Schrödinger equation for this system explain
the integer quantum Hall effect. A single electron confined to the x − y plane with a
magnetic field in the z-direction is described by the Hamiltonian
H=

2
1 
e
p + A(r) .
2µ
c

(1.1)

Choosing the symmetric gauge, A(r) = (1/2)B(−yx̂ + xŷ), the Schrödinger equation,
(H − E)Ψ(r) = 0, has eigenenergies
1
1
3
E = ~ωc (2n + 1 + m + |m|) = ~ωc , ~ωc , ...
2
2
2

2

(1.2)

H. L. Stormer, D. C. Tsui, and A. C. Gossard: The fractional quantum Hall effect
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1.2

The fractional quantum Hall effect

In contrast to the integer quantum Hall effect, the fractional quantum Hall effect
cannot be simply described by the single particle solutions and must arise exclusively
from electron-electron interactions.

For filling factors less than unity, all the

electrons lie within the completely degenerate lowest Landau level. Electron-electron
interactions alone lift the degeneracy. The quantum Hall system is ideal for studying
electron correlations in part because only those interactions lead to the effect. In
addition, for exceptionally strong magnetic fields, the electron interaction energies
are on a vastly different scale from the single-particle energy levels. Under strong
magnetic fields, the Landau level separations are significantly larger than the Coulomb
interaction energies, and the electrons can be assumed to all remain in a single Landau
level for the simplest problems. The problem of including multiple Landau levels will
be addressed in chapter 4.
A significant step in the description of the fractional quantum Hall system came in
the form of the Laughlin wavefunction [Laughlin (1983)], an ansatz wavefunction that
effectively described the ν = 1/(2p + 1) states, where p is an integer. Using z = re−iθ ,
the single-particle wavefunction for the lowest Landau level can be written:
ψ0m (z) = Nm z m e−|z|

2 /4λ2

,

(1.3)

where Nm is a normalization constant and λ is the magnetic length, λ2 = ~c/eB.
Writing the many-electron wavefunction, Ψν (z1 , z2 , ..., zN ), for the completely filled
lowest Landau level can be done simply with a Slater determinant. The resulting
wavefunction is
Y
1 X |zk |2
Ψ1 (z1 , z2 , ..., zN ) ∝
(zi − zj ) × exp −
4 k 4λ2
i<j

!
.

(1.4)

Constructing the wavefunction in this manner does not work for the partially filled
Landau levels because the single-particle wavefunctions are degenerate. We cannot
4

simply put the electrons in the lowest-energy single-particle states because all of the
available choices have the same energy. However, for the ν = 1/(2p + 1) states,
Laughlin proposed the following wavefunction:
Y
1 X |zk |2
Ψ1/(2p+1) (z1 , z2 , ..., zN ) ∝
(zi − zj )2p+1 × exp −
4 k 4λ2
i<j

!
.

(1.5)

The Laughlin wavefunction was a remarkable success at describing some of the
fractional filling factors. It is antisymmetric under interchange of any electrons (as
long as 2p + 1 is odd), reduces the Coulomb repulsion by keeping the electrons
farther apart, and describes the correct filling factor, ν = 1/(2p + 1). Curiously,
excitations of the Laughlin wavefunction contain quasiparticles, which are collective
excitation modes that behave like particles, but carry a charge that is a fraction of the
fundamental electron charge, e. The existence of the predicted fractionally charged
quasiparticles with charge equal to e/3 in excitations of the ν = 1/3 state have been
measured experimentally, [Goldman and Su (1995)]. The work of Haldane extended
the Laughlin model to predict that quasiparticles of Laughlin states could themselves
condense into Laughlin-type states, such as the observed 2/5 and 2/7 states [Haldane
(1983)]. However, the Haldane fractional hierarchy model also predicts condensed
states at numerous fractional fillings that are not measured experimentally.
A Chern-Simons gauge transformation allows us to consider another description of
the system. The Chern-Simons gauge introduces an infinite flux tube with a magnetic
flux of αφ0 , where φ0 is again the flux quantum and α is an even integer, onto each
electron (or hole) in the system. The resulting Chern-Simons magnetic field is
b(r) = αφ0

X
i

δ(r − ri )ẑ,

(1.6)

where ri is the position of the i-th electron. This magnetic field does not affect
the classical motion because the electrons cannot occupy the same location, so no
electron experiences the δ-function magnetic field of another electron. However, the
5

vector potential,
Z
a(r) = αφ0

d2 r0

ẑ × (r − r0 ) † 0
Ψ (r )Ψ(r0 ),
|r − r0 |2

(1.7)

does alter the wavefunctions of the particles by introducing a phase factor, as in
the Aharonov-Bohm effect. The Hamiltonian including the Chern-Simons gauge is
significantly more complicated than the original:
1
H=
2µ

Z

i2
h
e
e
d2 rΨ† (r) −i~∇r + A(r) + a(r) Ψ(r).
c
c

(1.8)

The new Chern-Simons Hamiltonian can be simplified by replacing the electron
density operator appearing in Eq.(1.7) with its ground state expectation value,
Ψ† (r0 )Ψ(r0 ) ⇒ < Ψ† (r0 )Ψ(r0 ) >gs = ρ(r0 ) = nS ,

(1.9)

the average electron density. The mean field Hamiltonian becomes the sum of singleparticle Hamiltonians under an effective magnetic field, B ∗ = B + αφ0 nS .
Under this mean field approximation, Jain introduced the composite fermion to
explain the observed fractional filling factors [Jain (1989)]. A composite fermion is
an electron with an even number, α = 2p, of magnetic flux quanta attached. Just
as the electron filling factor can be defined by 1/ν, the number of flux quanta per
electron, the composite fermion filling factor can be defined by 1/ν ∗ the number of
free flux quanta per composite fermion. Then the composite fermion filling factor ν ∗
is defined by the total number of flux quanta per electron minus the attached flux
quanta per electron,
1
1
= − α.
∗
ν
ν

(1.10)

When ν ∗ is an integer, the composite fermions form an incompressible quantum Hall
state. When ν ∗ = n for n a non-zero integer, then ν = n/(α ± n). Choosing α = 2
and addition rather than subtraction in the denominator produces the two fractional

6

quantum Hall sequences, ν = 1/3, 2/5, 3/7, ... for n > 0 and ν = 1, 2/3, 3/5, ... for
n < 0, the most prominent fractional quantum Hall states observed.
This mean field Chern-Simons approach is rich and predictive, but the physical
interpretation of the Chern-Simons cannot be accurate. In addition to the Coulomb
√
interaction scale, e2 /λ ∝ B, the Chern-Simons gauge introduces a new energy

scale ~ωc∗ ∝ B. For very large values of the magnetic field, the ~ωc∗ energy should
overwhelm the Coulomb energy scale, but the spectra for such systems still resemble
the spectra of a fully interacting electron system rather than a non-interacting
composite fermion system. It is also the case that neither the Laughlin nor the
Jain pictures accommodate a few measured fractional quantum states, notably the
ν = 5/2 state. Even though both theoretical descriptions of the fractional quantum
Hall system have proven very useful, there remains a great deal of study to be done
in the field to understand the behavior of the quantum Hall system. To this end, I
will be examining the quantum Hall system using ab initio numerical diagonalization
studies.

1.3

Numerical studies and pseudopotentials

At this stage, numerical studies are one of the most effective tools used to study
the quantum Hall effect. Exact numerical diagonalizations correctly predict the
existence of the incompressible quantum liquids at many experimentally measured
values of the fractional filling, ν. Numerical diagonalizations are even able to probe
the unconventional ν = 5/2 state, which is neither a Laughlin nor a Jain state.
Numerical studies also provide a way to directly study the electronic behavior of
the system in a way that experimental measurements currently cannot. Experimental
measurements in the quantum Hall system are extremely robust to sample quality,
but consist primarily of transport measurements. These measurements are generally
of the conductance or resistance tensors, and although the measurements are robust,
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stable, and precise, they do not reveal the wavefunctions or the correlative behavior
of the electrons in the material.
In contrast to the experimental measurements, numerical studies allow us to
more directly examine the exact wavefunctions of the ground state and excited
states. For example, the Laughlin ansatz wavefunction correctly predicts the observed
experimental behavior of systems with fractional filling given by ν = 1/m, where n
is an integer. But it was overlap integrals comparing the trial wavefunction to the
results of exact numerical diagonalizations that confirmed the Laughlin wavefunction
as the primary contribution to the ground state for ν = 1/m incompressible states
[Laughlin (1983)]. So far, the Laughlin states, ν = 1/m are the best understood of
the condensed states in the fractional quantum Hall system, largely as a result of such
numerical studies. The Jain composite fermion picture also offers an explanation of
other states in lowest Landau level, and wavefunctions for these condensed states have
also been proposed and numerically tested [Dev and Jain (1992)]. For the Jain states
again, numerical studies are currently the best method of examining the states.
In addition to the the Laughlin and Jain states, there are also a few unconventional
quantum Hall states of great interest, most notably at ν = 5/2. The ν = 5/2
condensed state is the first observed quantum Hall state with an even denominator,
and as such clearly does fits into neither the Laughlin nor the Jain picture. A
number of possible wavefunctions have been proposed for the 5/2 ground state,
but unlike in the Laughlin case, numerical simulations have not yet verified any
definitively. It is hoped that the ground state will be dominated by the Moore-Read
Pfaffian wavefunction [Moore and Read (1991)], a wavefunction whose quasiparticle
excitations would have features that would make them suitable for use as qubits in a
functional quantum computer. The actual ground state wavefunction, however, has
not yet been determined largely due to challenges in modeling the system numerically,
in this case especially due to challenges of incorporating weaker effects into the
idealized numerical models.

8

Numerical techniques have been especially useful in studying the quantum Hall
effect, but there are many challenges in exact numerical diagonalizations.

One

challenge that is somewhat simple to address is the problem of periodic boundary
conditions. For the planar system, it is typical to define periodic boundary conditions
based on the crystal structure of the system of interest. However, in the quantum
Hall system, the periodic structure of the experimental system is largely irrelevant to
the observed dynamics of the system, and as a result, there is no preferred origin for
the Hamiltonian, (1.1). The problem of periodic boundary conditions is addressed
in numerical calculations by using spherical model introduced by Haldane [Haldane
(1983)]. The Haldane sphere model maps the quantum Hall plane onto a finite
spherical surface. The magnetic field perpendicular to the surface is provided by
a magnetic monopole at the sphere’s center. Although the surface of the sphere is
curved, it is topologically similar to the plane over small regions, and as the sphere’s
size increases, it better approximates the infinite plane. The model is typically used
in numerical diagonalization studies, and it will be the model used in this paper.
Other numerical challenges are not so simple to address as the boundary
conditions, however. First, there is a limit to the system size that current computers
can handle with exact numerical diagonalization. Typically, the quantum Hall system
interaction Hamiltonian for even a single Landau level cannot be calculated for
systems with more than only a handful of electrons due to the incredibly large
degeneracy of the system. The maximum number of electrons in any for numerical
analysis remains less than 20, and is more typically on the order of at most 15. It is
challenging to extrapolate the numerical results for small systems to compare them
to the experimental results with an Avogadro’s number of electrons.
Also problematic are the effects of experimental deviations from the idealized
system. Although numerical studies treat the system as though it were an ideal twodimensional system, the electrons in a quantum Hall system are actually confined
only to a very thin layer, and this ”finite well width” does affect the electronelectron interactions. Other contributions to the interactions include the chemical
9

properties of the sample, in-plane magnetic fields, and the concentration of impurities.
Another important contribution is that of Landau level mixing. In typical numerical
studies, the electrons are treated as being isolated to a single Landau level, but
this approximation ignores the fact that the Landau level separation is typically not
significantly larger than the Coulomb interaction energy scale. The effect of Landau
level mixing has been predicted to be somewhat important for states higher than the
lowest Landau level, i.e. states with a filling factor ν > 1.
In the most robust fractional quantum Hall states (e.g. the ν = 1/3 state), these
effects are not strong in comparison to the energy gap between the incompressible
ground state and the lowest energy excited states.

As such, the deviations of

the idealized electron system from the actual experimental system are relatively
unimportant, and numerical results model the behavior of the stronger states very
well. However, the effects of the deviations from the ideal system are more important
for some of the more fragile quantum Hall states. Landau level mixing, for example,
is believed to be significantly more important in the first excited Landau level than
in the lowest. The ν = 5/2 state in particular is believed to be somewhat affected
by Landau level mixing [Nayak et al. (2008)], and the effect of Landau level mixing
should be incorporated into numerical models in order to better model the system. In
addition, the effect of different confinement potentials and other effects may be more
important for the less energetically favorable fractional fillings than for the stronger
ones.
Some of these factors are extremely challenging to address in numerical models.
For example, it is difficult to even know the precise microscopic chemical and
structural composition of a given experimental sample, and so including these effects
in a numerical model is not feasible. However, it is possible to incorporate some of
these effects, such as the finite width effect or Landau level mixing, into numerical
models. This can be accomplished by evaluating how these effects modify the pair
interactions. The pair interactions and their modifications are the primary focus of
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this dissertation. In particular, I will address some of these issues by addressing their
effects on the pair interaction function known as the pair pseudopotential.
The pair pseudopotential, developed by Haldane [Prange and Girvin (1987)] and
sometimes referred to as the Haldane pseudopotential, is a quantity that expresses the
interaction energy of a pair of particles in terms of their total angular momentum. For
particles on an infinite plane, the pseudopotential of the nth Landau level is expressed
as Vn,m , where m is the relative z-component of angular momentum of a pair of
electrons. In the Haldane sphere model, the pseudopotential Vn (L) of the nth Landau
level is given in terms of the pair’s total angular momentum L. (The planar azimuthal
angular momentum m and the spherical angular momentum L are analogous and
easily related, as will be discussed later.) Although the pseudopotential is essentially
just a simple one-to-one function of the angular momentum, it actually contains all
of the information of the electron dynamics of the system. For instance, the energy
spectrum and dynamics of a system of N particles in the nth Landau level can be
calculated entirely from the set of pair energies given by Vn,m or Vn (L). Even more
remarkably, the distinction between the different Landau levels is entirely contained
within the pseudopotential: the pseudopotential indices are the only independent
parameters that determine the electronic spectrum in strong magnetic fields. (That
the problem in any Landau level can be mapped into the lowest Landau level can be
most easily seen by using raising and lowering operators in the planar system [Simon
et al. (2007)]).
The pseudopotential has proven to be a valuable tool for understanding the
behavior of the quantum Hall system. The Laughlin ν = 1/m states in LL0, where m
is an odd integer, are well understood in terms of the pair pseudopotential. Laughlin
correlations, which characterize the Laughlin states, occur when electron pairs avoid
states with the highest allowed angular momentum, L [Prange and Girvin (1987)]. It
is the pseudopotential behavior which drives these correlations. For example, it can
be rigorously shown that a harmonic pseudopotential, a pseudopotential of the form
V (L) = a + bL(L + 1) does not break the degeneracy of n-particle angular momentum
11

multiplets and does not introduce correlations into the quantum Hall system [Wójs
and Quinn (1998); Quinn and Wójs (2000)]. Correlations are induced in the system by
deviations from a harmonic pseudopotential: Laughlin correlations in particular arise
when the pseudopotential increases more rapidly than the harmonic pseudopotential
for the highest allowed pair angular momentum values (a pseudopotential of this type
is called ”superharmonic”). Electron pairs under the influence of a superharmonic
pseudopotential lower their energy by avoiding the highest angular momentum pair
states: in other words, they will be Laughlin correlated.
The pseudopotential description for correlations in the system also offers an
explanation for why only some possible daughter states of the Jain states have been
observed. Under the mean field description of Jain, incompressible quantum liquid
states form at electron filling factors which correspond to a completely filled integral
number of non-interacting quasiparticle Landau levels. Such states occur at electron
fillings of ν = n(αn ± 1)−1 , where α is an even integer. For a partially filled composite
fermion Landau level, the interactions between the composite fermions could give rise
to incompressible daughter states, but only some of those have been observed [Pan
et al. (2003)]. It has been shown by the group at the University of Tennessee that
composite fermions of the Jain picture are not non-interacting fermions, and that their
interaction energies, the quasiparticle pseudopotentials, determine the formation of
the daughter states [Sitko et al. (1996); Yi and Quinn (1997)]. These quasiparticle
pseudopotentials can currently only be studied through numerical diagonalization,
and are themselves dependent wholly on the electron pseudopotential of the system.
The numerical evaluations of the electron and quasiparticle pseudopotentials have
proven effective at explaining many of the observed states in the lowest Landau
level, LL0. However, in the electron LL1 as well as in the composite fermion LL1,
the situation is rather more complicated. Many of the most robust incompressible
quantum liquid states observed in LL0 have not been observed in LL1, and visa-versa.
In LL0, the most robust of the observed quantum Hall states are the ν = 1/3 and
2/3 states, followed by ν = 2/5 and 3/5, and ν = 3/7 and 4/7. It is reasonable to
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expect similar condensed states in LL1 at ν = 2 + ν0 , where ν0 is an observed LL0
fractional filling. (States in LL1 are written as ν = 2 + q/p, where q/p is a fraction
between 0 and 1, to indicate that both LL0 spin levels are totally filled.) However, the
corresponding fractional fillings in LL1, ν = 2 + 2/5, 2 + 3/5, 2 + 3/7 and 2 + 4/7, have
not been observed experimentally [Pan et al. (2003)]. In addition, the first excited
Landau level also has a robust condensed state at ν = 2 + 1/2, for which there is no
observed counterpart at ν = 1/2 in LL0.
The observed differences between LL0 and LL1 arise entirely from the differences,
possibly even from small differences, in their electron pseudopotentials. In addition,
the quasiparticle pseudopotentials should also be sensitive to changes in the electron
pseudopotentials.

While the unaltered Coulomb pseudopotential seems to give

accurate enough results to effectively model the quantum Hall system in the lowest
Landau level, the effect of finite-well widths and Landau level mixing may be more
significant in the first excited Landau level. Because the pseudopotential is the key
dynamic parameter for the quantum Hall effect, in this dissertation, I will derive novel
analytic expressions for the pseudopotential on the Haldane sphere and will address
how Landau level mixing affects the pseudopotentials.

1.4

Outline of this dissertation

In Chapter 2, I will first review the single-particle solutions and the Haldane sphere
model. I will derive analytic expressions for the two-body matrix elements and the
pair pseudopotentials on the Haldane sphere using the well-understood framework of
angular momentum algebra. The new analytic expressions will extend the results
of [G. Fano (1986)] to any Landau level and will allow the direct calculation
of interactions between particles in different Landau levels. After comparing my
expressions to the pseudopotentials calculated on an infinite plane, I will describe
how finite well effects can be incorporated into the pair pseudopotential in this model.
Finally, I will derive a way to invert the pair pseudopotential to recover the actual
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interaction potential, V (rij ). This technique can provide extra insight into proposed
model pseudopotentials and may be helpful in suggesting ways to engineer samples
to produce desired quantum states.
Chapter 3 will consist primarily of explaining how to extend the two-particle
matrix elements and pair pseudopotentials to a system of n electrons in a single
Landau level.

Calculations in the n-body system will require the use of Slater

determinants to perform configuration interaction calculations. I will discuss the
selection of the restricted Hilbert space of the problem and the application of the
Wigner-Eckart theorem to the problem. I will then present some straight forward
numerical results and discuss them in the framework of the composite fermion picture
and the Laughlin hierarchy of fractional fillings. Finally, I will derive expressions
for calculating the relative prevalence of angular momentum pair states and the
coefficients of fractional grandparentage using the Slater determinant framework.
Finally, in Chapter 4, I will use the results of Chapter 2 and a modification of
the methods explained in Chapter 3 in order to calculate the effect of Landau level
mixing on the pair pseudopotentials. I will first cover the simpler case of the lowest
Landau level, and then move into the more complex calculations for the first excited
Landau level. Finally, I will discuss my results in the context of other works that have
addressed Landau level mixing using other techniques, such as perturbation theory.
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Chapter 2
Analytic Solutions
2.1

Solutions on the plane and background

In order to examine the many-body dynamics of the quantum Hall system, it is useful
to first describe the behavior of a single electron in the system. For a single electron
confined to an infinitely thin two-dimensional metallic plane in the presence of a
magnetic field normal to the plane, B = B ẑ, the Hamiltonian is
H=

1 
e 
p+ A .
2µ
c

(2.1)

In the symmetric gauge, A(r) = 21 r × B, the Schrödinger equation (H − E)Ψ(r) = 0
has eigenstates
Ψn,m (r, φ) = Nn,m eimφ ξ |m| e−ξ

2 /4

Ln|m| (ξ 2 /2)

where ξ = r/λ0 is the radius scaled by the magnetic length, λ0 =

(2.2)
p

eB/~c, and the

|m|

functions Ln are the associated Laguerre polynomials. The indices n and m are the
principle and angular quantum numbers, respectively. Both are integers, n is always
non-negative, and m is unbounded. The normalization constant Nn,m is given by
Nn,m = (−1)

n



n!
2π(|m| + n)!2|m|
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1/2
.

(2.3)

The eigenstates have energies given by
1
En,m = ~ωc (2n + 1 + m + |m|) ,
2

(2.4)

where ωc = eB/µe c is the cyclotron frequency of an electron with effectivce mass
µe . The energies are evenly separated by integral multiples of ~ωc as in the case of
the harmonic oscillator, and are called Landau levels. But unlike the energy levels
of the harmonic oscillator, the Landau levels are highly degenerate for m < 0. On
an infinite sheet, the degeneracy is also infinite, but on a finite sheet of area πR2 ,
the degeneracy of the lowest Landau level is Nφ = πR2 B/φ0 , where φ0 = h/e is the
fundamental quantum of magnetic flux.
The non-interacting electron picture explains the integer quantum Hall effect.
If N non-interacting electrons are added to the surface at very cold temperatures,
the electrons will fall into the lowest available Landau levels. At integral values of
the filling factor, ν = N/Nφ , the addition of a single electron (or any infinitesimal
reduction of the area or magnetic field) must overcome an energy gap of ~ωc . Because
reducing the area of the sample requires promotion of electrons across an energy
gap, the system is called incompressible. These incompressible quantum liquid states
are dramatically visible in transport measurements at low temperatures, as seen at
integer values of ν in figure 1.1. In particular, the longitudinal resistance of the sample
characteristically drops dramatically at integral values of the filling factor, and the
Hall resistance plateaus at values of νh/e2 .
The non-interacting electron picture explains the presence of incompressible states
at integer filling factors. However, the incompressible states at non-integer fillings
arise entirely due to correlated electron behavior. In order to better analyze the
incompressible states of these highly correlated systems, it is particularly convenient
to avoid the edge effects of the quantum Hall disk by instead carrying out numerical
diagonalizations in a model system known as the Haldane sphere.
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2.2

Monopole harmonics and the Haldane sphere

The Haldane sphere model maps the infinitely thin, two-dimensional metallic surface
of the quantum Hall system onto the surface of a sphere in order to eliminate boundary
conditions and to take advantage of the rotational and translational symmetry of the
physical problem. The mapping is conformal: it preserves angles, but not areas.
(The inverse mapping, from the sphere onto the plane, is known as a stereographic
projection.) As in the planar model of the quantum Hall effect, the magnetic field
must be uniform and perpendicular to the surface at all points. The magnetic field
is provided by a Dirac magnetic monopole at the center of the sphere of strength
2Qφ0 , where the quantity 2Q is an integer, and φ0 = h/e is, again, the fundamental
quantum of magnetic flux. The resulting magnetic field at the surface of the sphere
with radius Rs is directed radially outward:
B=

2Qφ0
R̂.
4πRs2

(2.5)

In the spherical system, the single particle Hamiltonian,

1  2
2 2
Ĥ0 =
L̂ − ~ Q ,
2mRs2

(2.6)

is a function of the standard angular momentum operator, L̂. The single particle
solutions of the Schrödinger equation are known as the monopole harmonics, written
YQ,l,m or |Q, l, mi. The quantum numbers l and m are the standard shell angular
momentum and azimuthal quantum numbers, respectively, and Q is the magnetic
monopole strength. The monopole harmonics satisfy the usual angular momentum
eigenvalue equations,
l2 |Q, l, mi = ~2 l(l + 1)|Q, l, mi

(2.7)

lz |Q, l, mi = ~m|Q, l, mi.

(2.8)
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In the case of Q = 0, the monopole harmonics are exactly the well-known spherical
harmonics.
The eigenenergies of the single-particle Hamiltonian are independent of the
azimuthal quantum number, m:
EQ,l,m =


~ωc 
l(l + 1) − Q2 .
2Q

(2.9)

Because the energy must be positive, the allowed values of l are given by ln = Q + n
where n = 0, 1, 2, etc . . . is the Landau level index, and the energy is approximately
equal to En ≈ ~ωc (n + 1/2) for large Q. As in the case of the spherical harmonics,
the azimuthal quantum number m is constrained by the shell angular momentum,
−l ≤ m ≤ l. The energy in the nth Landau level, being independent of m, is clearly
(2ln + 1)-fold degenerate.
The complete single-particle Hilbert space is the infinite set of all monopole
harmonics sharing the same magnetic quantum number Q, since li has no upper
bound. Fortunately, for typical quantum Hall problems, it is reasonable to restrict
the acting Hilbert space significantly. For example, it is typical to restrict the Hilbert
space to a single isolated Landau level because, for sufficiently strong magnetic fields,
the Landau level separation ~ωc is much larger than the typical Coulomb electronelectron energy. As a result of the large inter-Landau level spacing, individual Landau
levels can be considered essentially isolated, and it is a good approximation to ignore
the possibility of electron excitations between Landau levels in such cases.

2.3

Two-body matrix elements on the Haldane
sphere

I will begin with the expression for a general matrix element of a two-body scalar operator V̂ . A general matrix element can be written as hQ, l10 , m01 ; Q, l20 , m02 |V̂ |Q, l1 , m1 ; Q, l2 , m2 i.
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The matrix element expression is equal to the integral over the two particle coordinates r1 and r2 of the initial and final occupied monopole harmonic wavefunctions:
hQ, l10 , m01 ; l20 , m02 |V̂ |Q, l1 , m1 ; l2 , m2 i =
Z
∗
∗
3
3
YQ,l
0 (r1 )YQ,l0 ,m0 (r2 )V̂ (r1 , r2 )YQ,l1 ,m1 (r1 )YQ,l2 ,m2 (r2 )d r1 d r2 .
1 ,m1
2
2
(2.10)
In the Haldane sphere system, the monopole strength is the same for all particles, so
Q1 = Q2 , and we have dropped the label on Q. Note that, in the pair matrix element
expressions, the state vector |Q, l1 , m1 ; l2 , m2 i is not explicitly antisymmetrized.
If the potential V is a function of |r1 −r2 | (as is the case for the Coulomb potential),
it can expanded in Legendre polynomials,
∞

V (|r1 − r2 |) =

e2 X
(2k + 1)Vk (r1 , r2 )Pk (cos θ12 ),
4π k=0

(2.11)

where
1
Vk (r1 , r2 ) =
2

Z

π

V (r12 )Pk (cos θ) sin θdθ.

(2.12)

0

The angle between the two particles in (2.11) is θ12 , and  is the dielectric constant
of the material.
For a spherical shell of radius Rs , the electrons both lie at the same radius r< =
r> = Rs , and (2.11) can be rewritten in terms of a new set of parameters, Vk .
The Vk are unitless coefficients that define the potential; for the Coulomb potential,
Vk = 1 for all values of k. Other choices of Vk representing other potentials and
are also possible. For an infinitely thin spherical shell, the potential is a Dirac delta
function in the radial direction for both particles, and so the potential becomes, when
combining (2.10) and (2.11)
∞
e2 X
V (|r1 − r2 |) =
Vk Pk (cos θ12 )δ(|r1 | − Rs )δ(|r2 | − Rs ),
4πRs k=0
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(2.13)

where δ(|ri | − Rs ) is a Dirac delta function in the radius of the ith particle. The radius
p
√
of the sphere, Rs = λ0 Q is given in terms of the magnetic length, λ0 = ~/(eB).
Substituting (2.13) into (2.10) and integrating over the radial coordinates yields the
matrix elements as an integral over only the angular coordinates of the two particles,
hQ, l10 , m01 ; l20 , m02 |V |Q, l1 , m1 ; l2 , m2 i =
 2 
Z
∞
X
e
1
∗
∗
√
YQ,l1 ,m01 (r1 )YQ,l20 ,m02 (r2 )
Vk Pk (cos θ12 )YQ,l1 ,m1 (r1 )YQ,l2 ,m2 (r2 )dΩ1 dΩ2 ,
4πλ0
Q
k=0
(2.14)
where Ωi represents the angular coordinates, θi and φi of the ith particle.
The evaluation of the matrix element in (2.14) would simplify significantly if
we could separate the two coordinate integral into the product of two independent
integrals over the particles.

Fortunately, according to the well known spherical

harmonics addition theorem, the Legendre polynomials separate exactly as hoped,

Pk (cos θ12 ) =

k
4π X ∗
Y (Ω1 )Yk,m (Ω2 ).
2k + 1 m=−k k,m

(2.15)

Combining (2.15) and (2.14) yields a separable integral for the matrix elements,
given in units of the Coulomb energy e2 /4πλ0 :
hQ, l10 , m01 ; l20 , m02 |V̂ |Q, l1 , m1 ; l2 , m2 i =
Z
∞
k
1 X X 4π
∗
∗
√
Vk YQ,l
0 ,m0 (Ω1 )Yk,m (Ω1 )YQ,l1 ,m1 (Ω1 )dΩ1
1
1
Q k=0 m=−k 2k + 1
Z
∗
× YQ,l
0
0 (Ω2 )Yk,m (Ω2 )YQ,l2 ,m2 (Ω2 )dΩ2
2 ,m2

(2.16)

The two integrals can be evaluated by using the results of Wu and Yang, [Wu and
Yang (1976)] and [Wu and Yang (1977)]. First, we explicitly substitute the monopole
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harmonic with Q = 0 for the spherical harmonics in (2.16),
Yl,m = Y0,l,m .

(2.17)

We then use Theorem 1 from [Wu and Yang (1977)],
∗
YQ,l,m
= (−1)Q+m Y−Q,l,−m ,

(2.18)

to rewrite (2.16) so that we can use Theorem 3 from [Wu and Yang (1977)], which
states if Q + Q0 + Q00 = 0 and m + m0 + m00 = 0, then
Z
YQ,l,m YQ0 ,l0 ,m0 YQ00 ,l00 ,m00 dΩ =
0

(−1)l+l +l

00



0

00

(2l + 1)(2l + 1)(2l + 1)
4π

1/2




l

l

0

m m0

l

00



0

00



l l
l


m00
Q Q0 Q00
(2.19)

where the round brackets are 3j symbols. Although Theorem 3 explicitly states that
m + m0 + m00 = 0 is a necessary condition for the evaluation of the theorem, their
subsequent proof actually does not rely on the assumption, although it does require
q + q 0 + q 00 = 0. It is the case that integral is non-zero only when m + m0 + m00 = 0,
but this is a consequence of monopole harmonics’ relation to the standard rotation
functions. In one region of the sphere, for example, Wu and Yang define the monopole
harmonics in terms of the rotation functions of [Edmonds (1996)].


YQ,l,m


2l + 1 i(q+m)φ (l)
=
e
d−m,q θ.
4π

(2.20)

The integral over the φ variable in 2.19 gives 0 unless m + m0 + m00 + q + q 0 + q 00 = 0.
Since q + q 0 + q 00 = 0 is required, it follows that the integral is non-zero except when
the sum over the m’s is also zero. This information is also contained in the 3j symbols,
which are zero under the same circumstances.
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Combining the theorems of Wu and Yang, with (2.16)
hQ, l10 , m01 ; l20 , m02 |V̂ |Q, l1 , m1 ;l2 , m2 i =

∞
k
1 X X
0
0
0
1/2
√
Vk (−1)2Q+m2 +m1 +l1 +l2 +l1 +l2 [(2l10 + 1)(2l20 + 1)(2l1 + 1)(2l2 + 1)]
Q k=0 m=−k





k l2
l20 k l2
l20
k
l1
l10 k l1
l10
.



×
0
0
−Q 0 Q
−m2 m m2
−Q 0 Q
−m1 −m m1

(2.21)
The sums over m and k simplify using the properties of the 3j symbols [Edmonds
(1996)]. Any general 3j symbol,



j1

j2

j3

m1 m2 m3


,

(2.22)

is non-zero only when m1 + m2 + m3 = 0 and when j1 , j2 , and j3 together satisfy the
triangle inequality, |j1 − j2 | ≤ j3 ≤ j1 + j2 . As such, the sum over m collapses, and
m = m1 − m01 = m02 − m2 . The triangle inequality requirement means that the sum

over infinite values of k is actually a finite sum up to kmax , which is the largest value
of k which satisfies the triangle condition for both the sets {l10 , k, l1 } and {l20 , k, l2 }.
And so, applying all these reductions to (2.21), we get the final expression for a
two-particle matrix element on the Haldane sphere:
hQ, l10 , m01 ; l20 , m02 |V̂ |Q, l1 , m1 ;l2 , m2 i =



l10



−m01

kmax
1 X
0
0
0
1/2
√
Vk (−1)2Q+m2 +m1 +l1 +l2 +l1 +l2 [(2l10 + 1)(2l20 + 1)(2l1 + 1)(2l2 + 1)]
Q k=0




0
0
0
k
l1
l
k l1
l
k
l2
l
k l2
 1
 2
 2
.
0
0
0
m1 − m1 m1
−Q 0 Q
−m2 m2 − m2 m2
−Q 0 Q

(2.23)
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The matrix element is given in units of the Coulomb energy, e2 /4πλ0 , where λ0 =
p
~/eB is, again, the magnetic length.

2.4

Pair pseudopotentials

The pair pseudopotential V (L2 ) is defined as the interaction energy of a pair of
electrons as a function of their pair angular momentum. Although the pseudopotential
is a function only of the pair angular momentum, V (L2 ) actually contains all of
the correlative behaviors of any n-body system, and can be used in the place of
the two-body matrix elements calculated above to perform the same calculations.
The pseudopotential is defined on the Haldane sphere by using standard angular
momentum coupling to expand the monopole harmonics into a coupled basis,
|Q, l1 , m1 ; l2 , m2 i =

X
L,M

|Q, l1 , l2 ; L, M ihQ, l1 , l2 ; L, M |Q, l1 , m1 ; l2 , m2 i.

(2.24)

Equation (2.24) is analogous to equation (3.5.2) in [Edmonds (1996)], except that
the angular momentum eigenvectors, |Q, l1 , l2 ; LM i, are comprised of the monopole
harmonics. The expression hQ, l1 , l2 ; L, M |Q, l1 , m1 ; l2 , m2 i is an ordinary ClebschGordan coefficient [Wu and Yang (1976)]. Note here that the angular momentum
eigenvectors |Q, l1 , l2 ; LM i are neither explicitly symmetrized nor antisymmetrized;
as in the previous section, particle exchange and wavefunction symmetry have not
been included in this derivation. The symmetry of the angular momentum eigenstates
will instead be addressed in the following section.
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And so, if we expand both the initial and final state vectors in the coupled angular
momentum basis, we can rewrite the two-body matrix element in the following form:
hQ, l10 , m01 ; l20 , m02 |V (|r12 |)|Q, l1 , m1 ; l2 , m2 i =

XX
L0 ,M 0 L,M

hQ, l10 , m01 ; l20 , m02 |Q, l10 , l20 ; L0 , M 0 i

×hQ, l10 , l20 ; L0 , M 0 |V (|r12 |)|Q, l1 , l2 ; L, M ihQ, l1 , l2 ; L, M |Q, l1 , m1 ; l2 , m2 i.
(2.25)
In this expression, the pseudopotential, V (L) for particles in a single Landau level
is evaluated from the matrix element from (2.25),
hQ, l10 , l20 ; L0 , M 0 |V (|r12 |)|Q, l1 , l2 ; L, M i.

(2.26)

For particles in the nth Landau level, that is, when l = Q + n = l1 = l2 = l10 = l20 , this
matrix element gives the pair pseudopotential.
As before, we write the scalar potential, V (r12 ), in units of the Coulomb energy
as the sum over Legendre polynomials,
1 X
V (r̂1 , r̂2 ) = √
Vk Pk (cos θ12 ).
Q k

(2.27)

In order to acquire the pseudopotential, I will use tensor operators, and so it is useful
here to use Racah notation to express the potential. From [Edmonds (1996)] Eq.
(2.5.31), the spherical harmonics in Racah notation are
Cq(k)


=

4π
2k + 1

1/2
Ykq (θ, φ).

(2.28)

In this notation, the spherical harmonic addition theorem (2.15) is
Pk (cos θ12 ) =

X

Cq(k)∗ (θ1 , φ1 )Cq(k) (θ2 , φ2 ).

q
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(2.29)

The Legendre polynomial Pk (cos θ) can also be considered a scalar product of two
C(k) tensors of different arguments:

0
Pk (cos θ12 ) = C(k) (θ1 , φ1 ) · C(k) (θ2 , φ2 ) 0

(2.30)

where the final superscript and subscript indicate that the enclosed product is scalar,
a tensor of rank 0.
Using [Edmonds (1996)] equation (7.1.6), the evaluation of a matrix element of
the scalar product of two tensors of rank k is given by the following equation:

0
hQ, l10 , l20 ; L0 , M 0 | C(k) (θ1 , φ1 ) · C(k) (θ2 , φ2 ) 0 |Q, l1 , l2 ; L, M i =


L l 0 l 0  X
0
2
1
(−1)l1 +l2 +L δL,L0 δM,M 0
(Q, l10 ||C(k) (r̂1 )||γ,l1 )(γ, l20 ||C(k) (r̂2 )||Q, l2 ).
k l l 
γ
1
2
(2.31)
The expression (Q, l10 ||C(k) (r̂1 )||γ, l1 ) is known as a reduced matrix element. The
reduced matrix elements are evaluated using [Edmonds (1996)] equation (5.4.1), which
is a statement of the Wigner-Eckart theorem:

0
0
hQ, l0 , m0 |Cx(k) |γ, l, mi = (−1)l −m 

l0

k

l

−m0 x m


 (Q, l0 ||C(k) ||γ, l).

(2.32)

The expression on the left of (2.32) is also given by
0

0

hQ, l , m

|Cx(k) |γ, l, mi


=

4π
(2k + 1)

1/2 Z

∗
YQ,l
0 ,m0 Y0,k,x Yγ,l,m dΩ,

(2.33)

which can also be evaluated using the equation (1) of [Wu and Yang (1977)] to yield

0

0

hQ, l0 , m0 |Cx(k) |γ, l, mi = (−1)Q+m +l +l+k [(2l0 + 1)(2l + 1)]

25

1/2



l

0

k

l

−m0 x m




l

0

k l

−Q 0 γ
(2.34)




By combining (2.32) and (2.34),we get an expression for the reduced matrix
element

0

(Q, l0 ||C(k) ||γ, l) = (−1)Q+2m +l+k [(2l0 + 1)(2l + 1)]

1/2



l0

k l

−Q 0 γ


.

(2.35)

Note that, because of the symmetry properties of the 3j symbol in (2.35), the reduced
matrix element is non-zero only when γ = Q, which collapses the sum in (2.31).
In order to reduce the following expression slightly, we note that k is an integer.
In addition, because m0 and m00 are always both integers or both odd-half integers,
then m0 + m00 is also always an integer. As a result, we have already included
0

(−1)2k+2(m +m

00 )

= 1 in the expression for simplicity. Substituting (2.34) into (2.30)

gives the expression for a two-body matrix element independent of azimuthal quantum
numbers, mi :
hQ, l10 , l20 ; L0 , M 0 |V (|r12 |)|Q, l1 , l2 ; L, M i =
kmax
1 X
0
1/2
√
Vk (−1)2Q+L+2l1 +l2 +l2 [(2l10 + 1)(2l1 + 1)(2l20 + 1)(2l2 + 1)]
Q k=0




0
L l 0 l 0  l 0 k l
k l2
l
1
2
1

 2
 1
×
 k l l  −Q 0 Q
−Q
0
Q
1
2

(2.36)
The pair pseudopotential is defined as the expectation value of the potential
for a pair of particles in Landau level n, abbreviated LLn, as a function of their
total angular momentum, L.

On the Haldane sphere, the nth Landau level is

the angular momentum shell defined by l = Q + n, and the nth Landau level
pseudopotential Vl,Q (L) = (hQ, l, l; L, M |V (|r12 |)|Q, l, l; L, M i in Coulomb units is
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given by the following expression:


2


l k l
L l l
1


Vl,Q (L) = √
Vk (−1)2Q+L (2l + 1)2
 k l l −Q 0 Q
Q k=0
2l
X

(2.37)

where l = Q + n is the shell angular momentum of the nth Landau level.

2.5

Symmetry of angular momentum eigenstates

Before comparing equation (2.37) to previously published results for the pseudopotentials, this section will briefly cover the particle exchange and symmetry for the
coupled angular momentum states. In the previous section, the angular momentum
eigenstates, denoted |Q, l, l0 ; L, M i, are not explicitly symmetric or antisymmetric. In
order to construct an antisymmetric wavefunction from the eigenstates of the total
angular momentum, we begin again with the results of Wu and Yang.
The wavefunction for a pair of particles in the field of a magnetic monopole is
a coupled monopole harmonic state, FQ,Q0 ,L,M (r1 , r2 ) according to Appendix D from
[Wu and Yang (1976)]. This wavefunction is the projection into coordinate space
of the ket |Q, l, l0 ; L, M i. The two-body wavefunction, FQ,Q0 ,L,M , transforms under
the simultaneous rotation of θ and φ in the same manner as the ordinary spherical
harmonics, the Yl,m , and obeys the following equation:
FQ,Q0 ,L,M (r1 , r2 ) =

X
m,m0

YQ,l,m (r1 )YQ0 ,l0 ,m0 (r2 )hll0 LM |lml0 m0 i.

(2.38)

The Clebsch-Gordan coefficients, hll0 LM |lml0 m0 i, are as defined in [Edmonds (1996)].
After such a rotation, the problem will be set in a different gauge. However, the
different gauge does not affect the particle exchange discussion here.
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Particle exchange can be addressed by directly applying the two-particle permutation operator, P1,2 , which exchanges particles 1 and 2, to (2.38).
P1,2 FQ,Q0 ,L,M (r1 , r2 ) =

X
m,m0

YQ,l,m (r2 )YQ0 ,l0 ,m0 (r1 )hll0 LM |lml0 m0 ihll0 LM |lml0 m0 i
(2.39)

Since the Clebsch-Gordan coefficients obey the following symmetry property, given
in [Edmonds (1996)] equation (3.5.14):
(ja ma jb mb |ja jb jm) = (−1)ja +jb −j (jb mb ja ma |jb ja jm),

(2.40)

we can rewrite (2.39) as
0

P1,2 FQ,Q0 ,L,M (r1 , r2 ) = (−1)l+l −L

X
m,m0

YQ,l,m (r2 )YQ0 ,l0 ,m0 (r1 )hl0 lLM |l0 m0 lmi. (2.41)

Simplifying (2.41) and rewriting in ket notation gives the simple expression
0

P1,2 |Q, l l0 LM i = (−1)l+l −L |Q, l0 lLM i.

(2.42)

As a result, we can symmetrize an angular momentum eigenstate with the unnormalized two-particle symmetrization operator,
Ŝ2 = (1 + P1,2 ) .

(2.43)

Likewise, we can antisymmetrize an angular momentum eigenstate with the unnormalized two-particle antisymmetrization operator,
Â2 = (1 − P1,2 ) .

(2.44)

For electron pairs in the Haldane sphere system, both the symmetric and
antisymmetric spatial pair states apply because both spin states, up and down,
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are allowed for either particle.

According to the Pauli exclusion principle, the

wavefunction for fermions must be fully antisymmetric under particle exchange,
but the full wavefunction includes the spatial wavefunctions and the spin functions.
Although the spin and spatial wavefunctions are not separable for many-body systems,
they are separable in the case of two-body systems. As such, a pair of electrons with
a symmetric spin wavefunction (i.e. in a triplet state spin configuration) must have
an antisymmetric spatial wavefunction. Likewise, the spatial wavefunction of a pair
of electrons in singlet spin state must be symmetric.
In a typical quantum Hall experiment, the magnetic field of the system is strong
enough that it is reasonable to assume that the electrons will be totally spin polarized.
Because spin aligned electron pairs must be in a spin triplet state, the spatial
wavefunction is guaranteed to be antisymmetric. Their angular momentum eigenstate
on the Haldane sphere must then be
i
1 h
0
|Q, l, l0 ; L, M iA = √ |Q, l, l0 ; L, M i − (−1)l+l −L |Q, l0 , l; L, M i
2

(2.45)

where the subscript A is included to indicate that the eigenstate is antisymmetric
√
under particle exchange. The factor of 2, introduced to preserve the normalization
of the states, is only required when l 6= l0 . When l = l0 , the normalized angular
momentum eigenstates have a different normalization,
|Q, l2 ; LM iA =


1
|Q, l2 ; L, M i − (−1)2l−L |Q, l2 ; L, M i
2

=|Q, l2 lL, M i

(2.46)

One consequence of (2.46) is that, for fermions in the same Landau level, states
with certain values of the total angular momentum, L, are non-existent. A pair of
fermions with total angular momentum L in the same Landau level necessarily share
the same shell angular momentum, l. If we define the relative angular momentum
R by the equation R = 2l − L, then it is clear that the right side of (2.46) vanishes
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when R is even. Equivalently, we can say that fermion triplet pair states with even
R are forbidden under all cases. A similar argument using the symmetric analog of
(2.46) similarly forbids the formation of fermion singlet pair states with odd R.

2.6

Comparison to other results

In this section, I will verify the expression for the pseudopotential I have derived in
equation (2.37) by comparing it to other known results for the pseudopotential.
For the lowest Landau level, also called LL0, it is simplest to compare equation
(2.37) to the expression for the pseudopotential on the Haldane sphere given by Fano,
Ortolani, and Columbo [G. Fano (1986)] in equation (25) of their paper:


(Q)

VL

=2

4Q − 2L
2Q − L





4Q + 2L + 2

2Q + L + 1
2
4Q + 2


2Q + 1



(2.47)

For all tested values of Q and L, equation (2.37) is equal to equation (2.47) divided
√
√
by Q. The factor of Q arises from the inclusion of the radius of the sphere,
√
Rs = λ0 Q in (2.37) rather than from a fundamential disagreement. We included
√
the Q in our expression in order to compare the results on the sphere to those on
the plane, which are also given in units of the Coulomb units.
For Landau levels other than the lowest, our expression for the pseudopotential on
the Haldane sphere must be compared to the pseudopotentials calculated for electrons
on the infinite plane. The pseudopotentials for electrons on a plane are well described
in many references [Kivelson et al. (1987); Prange and Girvin (1987)], but I will briefly
explain how they can be found here. We begin resolving the particle coordinates into
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center of mass and relative coordinates,
1
rcm = √ (r1 + r2 )
2
1
rrel = √ (r1 − r2 )
2

(2.48)
(2.49)

The two-body Hamiltonian is separable in the relative and center of mass coordinate
systems:
e
1
(pcm + Acm )2
2µ
c
1
e
e2
=
(prel + Arel )2 +
2µ
c
rrel
Hcm =

Hrel

(2.50)
(2.51)

The solution for the center of mass coordinates is obviously given by (2.2). To simplify
notation for the remainder of this section, expectation values are given in bra-ket
notation, where the ket |N M i is related to the wavefunction of (2.2) by
hrcm |N M i = ΨN,M (r, φ).

(2.52)

Here, we will use capital letters for the quantum numbers of the center of mass, and
lower case letters for the solutions in relative coordinates. The basis states for the
relative coordinates are similarly given by the solutions |n mi to (2.51) in the absence
of the Coulomb interaction.
The pseudopotentials, Vn,m for a pair of particles in the lowest Landau level
(n = 0) are simply given by the expectation value of the Coulomb interaction in
the normalized relative coordinate basis,
V0,m = h0m|

1
|0mi.
rrel

The pseudopotentials are fully independent of the center of mass.
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(2.53)

Table 2.1: Raising and lowering operators acting on single-particle states in the
symmetric gauge.
p
√
m ≤ 0 a† |n, mi =p (n + 1)|n + 1, m + 1i
a|n, mi =
p n|n − 1, m − 1i
†
m > 0 a |n, mi = (n + |m| + 1)|n, m + 1i a|n, mi = (n + |m|)|n, m − 1i
The pseudopotentials in higher Landau levels are not as simply written because,
for example, a pair of electrons in the first excited Landau level have n1 = n2 = 1, but
the center of mass and relative coordinate principle quantum numbers vary between
0, 1, and 2. In order to clarify this problem, we use the appendix of [Kivelson et al.
(1987)], and express equation (2.2) in terms of a new set of independent variables,
z = ξe−iφ ,

(2.54)

z̄ = ξe+iφ .

(2.55)

Using these new variables, equation (2.2) becomes
Ψn,m (z, z̄) = Nn,m z |m| ezz̄/4 L|m|
n (z z̄/2), for m ≤ 0
Ψn,m (z, z̄) = Nn,m z̄ |m| ezz̄/4 L|m|
n (z z̄/2), for m > 0

(2.56)

The raising and lowering operators, a† and a, respectively, are given by
√
z̄
2(−∂z + )
4
√
z
a = 2(+∂z̄ + ).
4

a† =

(2.57)

They operate on the normalized single particle eigenstates according to table 2.1.
So, in the separated center of mass and relative coordinate basis, the first excited
Landau level is not given by N = 1, n = 1, but rather by the expression,
|ΨLL1 i = a†1 a†2 |0M, 0, m >,
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(2.58)

Table 2.2: Pseudopotentials on an infinite plane. The pseudopotentials were
calculated using raising and lowering operators in the symmetric gauge for LL0 and
LL1. The pseudopotential for LL2 was taken from [Yoshioka (2002)]
m
0
1
2
3
4
5
6
7

LL0
0.88623
0.44311
0.33234
0.27695
0.24233
0.21809
0.19992
0.18564

LL1
0.60928
0.41542
0.45004
0.31503
0.26353
0.23216
0.21014
0.19351

LL2
0.50629
0.36046
0.37334
0.31530
0.33749
0.22642
0.22642
0.20481

where a†1 and a†2 are the raising operators for each electron in the independent particle
basis, not in the center of mass and relative coordinate basis.
The pseudopotentials for the nth Landau level are defined as the expectation value
of the Coulomb potential for two electrons each in Landau level n as a function of
their relative angular momentum quantum number m. So, for the first excited Landau
level, n = 1, and the pseudopotential Vn,m is calculated using the following equation:
V1,m = h0M, 0m|a1 a2

1 † †
a a |0M, 0mi.
|zrel | 1 2

(2.59)

Although the center of mass azimuthal quantum number M appears in the above
expression, Vn,m is independent of M in every Landau level because 1/|z|rel operates
only on the relative coordinates. The pseudopotentials for the lowest three Landau
levels are tabulated in table 2.2; the pseudopotentials for LL0 and LL1 were calculated
using the raising and lowering operators in the symmetric gauge for the lowest two
Landau levels and agree with [Yoshioka (2002)]; the pseudopotentials from Landau
level 2 were not evaluated, and are taken directly from [Yoshioka (2002)].
The derived spherical pseudopotentials can be directly compared to the planar
pseudopotentials with a few adjustments. First, the azimuthal quantum number m
for a pair of particles in the nth Landau level on the plane is equivalent to a quantity
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on the Haldane sphere called the relative angular momentum, R. The relative angular
momentum R is given by
R = 2ln − L

(2.60)

where ln is the shell angular momentum of the nth Landau level and L is the total
angular momentum of the pair.
In addition to being able to compare m on the plane and R on the sphere, it
is also necessary to account for the radius of the Haldane sphere. On the Haldane
sphere, the pseudopotentials for a given magnetic monopole strength (and therefore
spherical radius) are not exactly equal to the pseudopotentials on the plane due to
the curvature of the sphere. However, the spherical pseudopotential should approach
the planar limit asymptotically in the limit of an infinitely large sphere.
So, to verify the pseudopotentials on the Haldane sphere against planar values, I
have evaluated the pseudopotentials given by (2.37) for Q = 10, 20, . . . 100 for several
different values of R = 2ln −L in the first excited Landau level (LL1). In Mathematica,
the points for V (Q, R) were fitted by function fR (Q) = A + B/Q + C/Q2 for different
values of R. The limit for each R of the function fR (Q) for infinite Q matched the
planar pseudopotentials to within at least 10−5 .

2.7

Finite thickness

Up until this point, I have generally assumed the Vk coefficients of equations (2.3) and
(2.37) are those that define the Coulomb potential: that is, Vk = 1 for all k. However,
any number of other scalar potentials that are functions of |r12 |, the distance between
a pair of particles, can be described by a different choice of the Vk coefficients. One
factor that controls the coefficients is the perpendicular containment of the electrons.
In the idealized quantum Hall effect, the electrons are considered to rest in a
potential well that is a delta function in the z-direction; that is, they are confined to an
infinitely thin, perfectly 2-dimensional potential well. But obviously, in a real system,
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Figure 2.1: Haldane pseudopotentials in the first excited Landau level versus the
magnetic monopole strength Q for relative angular momentum R = 0, 1, . . . , 5
calculated using equation (2.37). The horizontal line in each plot gives the
pseudopotential evaluated on the two-dimentional plane.
As expected, the
pseudopotentials in the spherical system are an approximation to the planar
pseudopotentials, but approach the planar values in the infinitely large sphere limit.
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the electrons are confined by a finitely-thick potential well. For very thin sheets, it
is appropriate to consider the ith electron’s wavefunction to be the product of the
wavefunction along the surface, ψ(ri ) and wavefunction in the direction perpendicular
to that surface, ψ( zi ).
Because the surface is very thin, we can approximate the electron-electron
interaction in the actual 3-dimensional system as a modification to the Coulomb
interaction in 2-dimensions. The effective two-dimensional Coulomb interaction is
found by integrating over the z-direction portion of the two electrons with
ZZ
V (r12 ) =

|ψ(z1 )ψ(z2 )|2
p
dz1 dz2 .
2
(z1 − z2 )2 + r12

(2.61)

The effective two-dimensional interaction, V (r12 ) can then be expanded in
Legendre polynomials to give the Vk coefficients used in (2.3) and (2.37),
1
Vk =
2

Z

π

V (r12 )Pk (cos θ) sin θdθ.

(2.62)

0

For several distinct z-direction confinement potentials, the effect of finite thickness
has already been addressed in [Peterson et al. (2008)]. In that paper, the effect
of the finite well shapes were evaluated by incorporating the well shape into the
Fourier transform definition of the Haldane pseudopotentials and projecting the
pseudopotentials into the lowest Landau level.

2.8

Inverse problem

According to the previous section, we can control the behavior of the Vk coefficients
by controlling physical properties of system. In particular, I have addressed how the
shape of the confining well of the very-thin two-dimensional shell can be adjusted to
produce different sets of Vk coefficients, and as a result, different pseudopotentials
and correlative behaviors.
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One particularly nice feature of our derivations in sections 2.3 and 2.4 is that
we can take a desired pair or three-body pseudopotential, and invert the problem
to yield a set of desired Vk coefficients that produce the desired behavior. This
should be of particular interest to experimentalists because it suggests a possible way
of engineering materials that produce the correlations that have been predicted in
theoretical models for systems obeying certain pseudopotentials. In addition, the
resulting Vk coefficients can be used to extract the form of the actual two-body
potential, V (r12 ) from any artificial pair pseudopotential, V (L).
I will first address the simple case of inverting the pair pseudopotentials to yield
the Vk coefficients, and will present the inversion for the Laughlin and harmonic
pseudopotentials. Finally, we will also consider the more challenging problem of
inverting a three-body pseudopotential.

2.8.1

Pair pseudopotential inversion

For electrons confined to the nth Landau level, where the angular momentum shell
is defined by l = Q + n, we begin with a defined model pseudopotential function,
Vl,Q (L), and solve (2.37) for the undetermined Vk coefficients,


2


l l L
l k l
1


Vl,Q (L) = √
Vk (−1)2Q+L (2l + 1)2
l l k  −Q 0 Q
Q k=0
2l
X

(2.63)

The 6J symbols are invariant under any column permutations, and so (2.63) is
otherwise identical to (2.37).
The complete pseudopotential function, Vl,Q (L) is a set of (2l + 1) numbers, with
0 ≤ L ≤ 2l and the shell angular momentum, l, determined by the Landau level
n = l − Q. So, given a pseudopotential that has been completely enumerated for all
allowed values of L, finding the complete set of Vk coefficients means that we only
need to solve the linear system of equations in (2.37).
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Note that the complete pseudopotential may not be enumerated in all models, and
under certain conditions, a number of distinct solutions to the system may give the
same pseudopotential behavior. In particular, consider the pseudopotential for a pair
of spin-polarized electrons. Ideally, the pseudopotential function would include all
integer values of L between 0 and 2l, but actually, only the pseudopotentials for odd
values of the relative angular momentum R = 2l−L determine the electrons’ behavior,
as shown in section 2.5. The spin polarized electrons’ behavior is independent of
the even R pseudopotentials values, and substituting set of new values for even R
values will not alter the behavior of the electrons at all. However, the alternate
pseudopotential spectrum will change the resulting Vk coefficients. In other words,
if the pseudopotential defining the electron correlations is either incomplete or nonunique, then the resulting Vk coefficients will not be unique.
Although Vk coefficients can be found by treating (2.63) as a matrix equation and
numerically inverting the matrix, the coefficients can also be evaluated directly by
making use of the orthogonality property of the Wigner 6J symbols given by equation
(6.2.9) in [Edmonds (1996)],

X
j

(2j + 1)(2j 00 + 1)




j


j

j2 j

j

j4 j  j1 j4 j 00 

1
3

0 

j3 j2

= δj 0 ,j 00

(2.64)

In order to use this orthogonality property, we will first exchange the first and third
columns of the 6J symbol of equation (2.37).
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We then introduce a new varible, j, to(2.63). by multiplying both sides by a
function of L and j to yield

l l
Vl,Q (L) (−1)−L (2L + 1)(2j + 1)
l l
 
2l
X
l
1
Vk 
√ (2l + 1)2 (−1)2Q
Q
−Q
k=0



j
=
L



2
l l j  l l L
k l
 (2L + 1)(2j + 1)
.




0 Q
l l L
l l k
(2.65)

Taking the sum of both side of (2.65) over all allowed values of L and applying the
orthogonality property of (2.64) gives


l l j 
=
Vl,Q (L) (−1)−L (2L + 1)(2j + 1)
l l L
L=0

2l
X



2l
X





2



l k l
1
 δk,j  .
Vk 
√ (2l + 1)2 (−1)2Q
Q
−Q
0
Q
k=0
(2.66)
The Kronecker delta in (2.66) collapses the sum over k, and the resulting Vj coefficients
can be calculated directly as a sum over pseudopotential values times vector coupling
coefficients,



−2

√
2l

X
l l j
Q  l k l
2Q
−L


Vj =
(−1)
Vl,Q (L)(−1) (2L + 1)(2j + 1)
l l L
(2l + 1)2 −Q 0 Q
L=0
(2.67)
As a verification of the procedure, we first invert the unmodified Coulomb
pseudopotential, evaluated using equation (2.37) for a monopole strength Q = 30.
As must be the case, all resulting Vk coefficients are equal to 1. Of course, the
Coulomb potential is already well known and, for a pair of electrons on a surface,
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depends upon the angle between their positions,
V (θ12 ) =

1
e2
√ √
.
4πRs 2 1 − cos θ12

(2.68)

But we can also approximate of the Coulomb potential as a function of θ12 , which is
analogous to the linear distance between the particles, using on the Haldane sphere
using the derived Vk coefficients and (2.11). The derived Vk coefficients and the
resulting potential are shown in Figure (2.2). As expected, inverting the Coulomb
pseudopotential reproduces Vk = 1 for all values of k. The oscillations in the plotted
potential are due to the restriction on the sum over k in (2.11). This restriction, in
turn, occurs because Q is finite. The oscillations become more suppressed as the size
of the sphere, and thus Q, are increased.
While this is obviously a pointless exercise for the familiar Coulomb potential,
the method of inverting the pseudopotentials allows us to examine the interaction
potential of proposed and model pseudopotentials that are less well known. As an
example, we will invert a simple harmonic pseudopotential, a pseudopotential of the
form VH (L) = aL(L + 1) + b.
It is known [Wójs and Quinn (2000)] that, for any many-body system, a
harmonic pseudopotential does not break the energy degeneracy of n-particle
angular momentum eigentstates of the same total angular momentum L0 .

In

addition, any linear combination of n-particle angular momentum eigenstates with
the same total angular momentum L0 will also have the same energy.

Because

the harmonic pseudopotential does not break the energy degeneracy of the angular
momentum eigenstates, it does not introduce electron correlations. Correlations are
introduced instead by deviations from the harmonic pseudopotential. For example,
pseudopotentials that increase more quickly than L(L + 1) are called superharmonic,
and cause electrons to preferentially avoid pairings with higher pair angular momenta.
Correlations in which electrons avoid pair amplitudes with the highest possible pair
angular momenta are known as Laughlin correlations.
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(a) Coulomb Vk coefficients for Q = 30 obtained by inverting
pseudopotential.
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(b) Coulomb potential, V (θ12 ), for Q = 30 obtained by inverting
pseudopotential.

Figure 2.2: Coulomb potential, V (θ12 ), and Vk coefficients for Q = 30 obtained by
inverting pseudopotential. V (θ12 ) is given in units of the Coulomb energy, e2 /4πλ0 .
The Vk coefficients are unitless and are equal to 1 for all values of k, as expected.
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We take a simple harmonic pseudopotential given by
Har
VQ,l
(L) =

1
√ L(L + 1),
2l(l + 1) Q

(2.69)

where the multiplicative coefficient is a constant that has been chosen to give V0 = 1.
Inverting this pseudopotential yields the results shown in figure (2.3) for LL0. The
result in LL1 is almost identical to those in LL0: the Vk coefficients for LL0 are all
equal to zero, except V0 = 1 and V1 = 1.03333; in LL1, the Vk coefficients are also all
equal to zero, except V0 = 1 and V1 = 1.1022. Altering the coefficients a and b of a
generic harmonic pseudopotential, V (L) = aL(L + 1) + b alters only the values of V0
and V1 , but leaves all other Vk = 0 unchanged. Inverting the pseudopotential makes it
clear that, for any harmonic pseudopotential, the interaction potential V (θ12 ) involves
only the monopole and dipole terms of the partial wave expansion. Correlations that
occur in the quantum Hall system are instead a function of the higher order terms of
the expansion.
Another useful model pseudopotential is the hard-sphere delta pseudopotential,
given by a delta function, V (R) = c ∗ δ(1 − R), where R = 2l − L is the relative
total angular momentum. This pseudopotential is the most extreme example of a
pseudopotential that produces Laughlin correlations, and the celebrated Laughlin
wavefunction is an exact solution to this particular pseudopotential.
Inverting this simple delta function pseudopotential in LL0, however, produces
highly oscillatory acting potentials, as shown in figure 2.4. The oscillations are
extreme because the Vk values becoming increasingly negative with increasing k,
and they obscure the potential’s actual nature. Integration of the potential over
the relatively small interval (0, π/32) yields 87.8% of the total integrand on the
interval (0, π), and that percentage increases with Q. This behavior suggests that, as Q
becomes infinitely large and the Haldane sphere increasingly approximates an infinite
plane, the acting potential for the delta pseudopotential is itself a delta function,
V (θ12 ) = d ∗ δ(θ12 ).
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(a) Vk coefficients for the Harmonic pseudopotential in LL0 for Q =
30, obtained by inverting pseudopotential.
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(b) Harmonic potential, V (θ12 ) in LL0, for Q = 30 obtained by
inverting pseudopotential.

Figure 2.3: Harmonic potential, V (θ12 ), and Vk coefficients for Q = 30 obtained by
inverting a harmonic pseudopotential, V√
(L) = a ∗ L(L + 1), where a is an arbitrary
−
constant defined here by a 1 = 2l(l + 1) Q. V (θ12 ) is given in units of the Coulomb
energy, e2 /4πλ0 . The Vk coefficients are unitless and are exactly equal to 0 for all
values of k > 1. In LL0, V0 = 1 and V1 = 1.0333. The result in LL1 are almost
identical to those in LL0, except V1 = 1.1022, and are not reproduced here.
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(a) Vk coefficients for a delta function pseudopotential in LL0 for
Q = 30, obtained by inverting pseudopotential.
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(b) The potential, V (θ12 ) resulting from a delta function
pseudopotential in LL0, for Q = 30 obtained by inverting
pseudopotential.

Figure 2.4: Delta potential, V (θ12 ), and Vk coefficients for Q = 30 obtained by
inverting
√ the pseudopotential V (L) = a ∗ δ(2l − 1 − L), where a is constant given by
a− 1 = Q. V (θ12 ) is given in units of the Coulomb energy, e2 /4πλ0 . The extreme
oscillations are due to the increasingly negative values of Vk for larger values of k,
and obscure the nature of the potential. Because integration over interval (0, π/32)
provides 87.8% of the total integrand here, and that percentage increases for larger
Q, this potential is best described as an approximation of a delta function in θ12 ,
V (θ) = δ(θ).
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The inverted acting potential V (r12 ) and associated Vk coefficients for LL1 are
shown in figure (2.5). Unlike in LL0, the delta pseudopotential does not produce a
delta function in θ12 . Unexpectedly, the predicted potential is actually attractive at
very small inter-electron separations.

2.8.2

Three-body pseudopotential inversion

Because the electron-electron interaction is fundamentally a two-body interaction, it
is generally most useful to describe the electron correlations in terms of the two-body
interactions, either V (r12 ) or the pair pseudopotential V (L2 ). However, the electronic
behavior is also occasionally given in terms of 3-electron angular momentum energy
expectation values,
hl3 α0 L0 M 0 |V123 |l3 αLM i,

(2.70)

where |l3 αLM i is a totally antisymmetric 3-electron eigenstate with total angular
momentum L. The monopole strength, Q, has been dropped from the expressions in
this section for succinctness and does not affect the calculations. The index α is an
arbitrary label introduced to distinguish orthonormal antisymmetric eigenstates with
the same total angular momentum.
Invoking the Wigner-Eckart theorem, it is clear that hl3 α0 L0 M 0 |V123 |l3 αLM i is
diagonal in both L and M , and is also independent of M as long as V123 is a scalar.

0
0
hl3 α0 L0 M 0 |V123 |l3 αLM i =(−1)L −M 

0

L

−M

0
0

L

0 M


 hα0 L0 ||V||αLi.

1
=√
hα0 L0 ||V||αLiδL0 ,L δM 0 ,M
2L + 1

(2.71)

Although V123 is diagonal in L and M , it is not in general diagonal in the index α.
Because any number of different angular momentum coupling schemes can be used
to construct the set of angular momentum eigenstates, |l3 αLM i that have the same
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(a) Vk coefficients for a delta function pseudopotential in LL0 for
Q = 30, obtained by inverting pseudopotential.
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(b) The potential, V (θ12 ) resulting from a delta function
pseudopotential for Q = 30 obtained by inverting pseudopotential.

Figure 2.5: Delta potential, V (θ12 ), and Vk coefficients for Q = 30 obtained by
inverting the pseudopotential
V (L) = a ∗ δ(2l − 1 − L), where a is normalization
√
−
constant given by a 1 Q. V (θ12 ) is given in units of the Coulomb energy, e2 /4πλ0 .
Unlike in LL0, the LL1 delta pseudopotential does not produce a delta function in
θ12 , but rather a genuinely oscillatory function that is attractive at θ = 0.
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L, it is necessary to know their construction if the pseudopotential is not degenerate
for all α states with the same L.
To extract the pair pseudopotential V (L12 ) from the 3-body pseudopotential
V (L, α0 , α), we will use the coefficients of fractional parentage, which are defined
in [U. Fano (1959)]. The coefficients of fractional parentage are used to express antisymmetric angular momentum eigenstates of n particles as a sum over antisymmetric
states of the first n − 1 particles times the states of the nth particle. In the case of
3 electrons in the same spin shell, the antisymmetric angular momentum eigenstate
can be written as
|l3 αLM i =

X
M12 ,m3
L12

|l2 L12 M12 i|lm3 ihL12 M12 lm3 |L12 lLM i(l2 L12 lL]}l3 αL).

(2.72)

The angular momentum eigenstate for electrons labeled 1 and 2, |l2 L12 M12 i, is
antisymmetric, and since the electrons share the same spin, exists only for 2l − L12
an odd integer.

The term hL12 M12 lm3 |L12 lLM i is an ordinary Clebsch-Gordan

coefficient, and the coefficient of fractional parentage is (l2 L12 lL]}l3 αL) in Racah
notation. As a shorthand, we will use (L12 ]}αL) to represent the complete coefficient
of fractional parentage, (l2 L12 lL]}l3 αL). Expressions for the explicit evaluation of the
coefficients of fractional parentage are given in [Hassitt (1955)].
If the three-particle interaction potential is a sum over two-particle interactions
V123 = V12 + V13 + V23 for indistinguishable particles labeled 1, 2, and 3, then threeparticle matrix element is equal to three times the matrix element of V12 :
hl3 α0 LM |V123 |l3 αLM i = 3hl3 α0 LM |V12 |l3 αLM i.
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(2.73)

Combining (2.72) with (2.73) yields
hl3 α0 LM |V123 |l3 αLM i = 3

X
M12 m3 L12
0 m0 L0
M12
3 12

0
|V12 |l2 L12 M12 ihL012 lLM |L12 M12 lm3 i
hl2 L012 M12

hL12 M12 lm3 |L12 lLM i(α0 L{[L012 )(L12 ]}αL)δm3 ,m03
(2.74)
0
The term hl2 L012 M12
|V12 |l2 L12 M12 i = V (L12 ) is simply the pair pseudopotential. Since

the Wigner-Eckart theorem applies to the pair pseudopotential term as well, we can
0
introduce δL12 ,L012 δM12 ,M12
into the equation to simplify it to

hl3 α0 LM |V123 |l3 αLM i = 3

X
M12 ,m3 ,L12

V (L12 )hL12 lLM |L12 M12 lm3 i

hL12 M12 lm3 |L12 lLM i(Lα{[L12 )(L12 ]}Lα)

(2.75)

Including the unitary property of the Clebsch-Gordan coefficients, [Edmonds (1996)]
equation (3.5.4), equation (2.75) simplifies the sum over M12 and m3 to give
hl3 α0 LM |V123 |l3 αLM i = 3

X

V (L12 )(α0 L{[L12 )(L12 ]}αL).

(2.76)

L12

Equation (2.76) cannot be analytically inverted because the coefficients of fractional
parentage do not form a complete unitary set because they are the coefficients that
diagonalize a projection operator. Instead, the linear system of (2.76) should be
inverted numerically.
Inverting (2.76) numerically is not entirely straigtforward: because the number of
allowed antisymmetric L12 values is smaller than the number of allowed antisymmetric
3-body states, |l3 αLi for a given M , the linear system of equations in (2.76) is in
general overdetermined. Even if we artificially include the even values of R12 = 2l−L12
in the sum to increase the number of variables on the right side of (2.76), for l ≥ 5,
there are more state vectors |l3 Lαi on the left side of the equation than there are
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integer values of L12 < 2l. As a result, there exist trial 3-body pseudopotentials that
cannot be inverted to give a consistent two-body pseudopotential that is the result
of a scalar two-body interaction, V (r12 ).
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Chapter 3
N-particle solutions, numerical
methods
The calculation of two-body interactions in the quantum Hall system was covered
in Chapter 2, but in general we are interested modeling the behavior of systems
with rather more than two electrons. It is the collective behavior of many electrons
that defines the fractional quantum Hall effect, and that collective behavior can
be calculated numerically through exact numerical diagonalization.

Essentially,

calculations of this type constitute numerical experiments for evaluating the validity
of proposed trial wavefunctions predicting the collective behavior electrons in the
experimental quantum Hall system.

In particular, these numerical experiments

provide a way to test trial wavefunctions in the absence of a method of directly
measuring the wavefunction amplitudes in a physical experimental system.
In the following sections, I will review the methods and assumptions necessary to
study the N-body problem in using configuration interaction calculations. Although
the quantum Hall effect is a discovery based in condensed matter physics, the most
common computational techniques and theoretical framework used to evaluate the
many-body energies and wavefunctions are more commonly associated with atomic
and chemical physics.

In particular, the Haldane sphere model is particularly
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suited to being treated as an atomic-like system, and as such, it is relatively
straightforward to solve the problem using Slater determinants and configuration
interaction calculations, both of which will be reviewed below.
After presenting some numerical results, I will also derive a method for directly
calculating the coefficients of fractional parentage in this same framework.

3.1

Configuration interaction calculations

The n-electron problem on the Haldane sphere consists of finding the lowest energy
eigenvalues and corresponding n-electron eigenvectors of the Schrödinger equation
with the Hamiltonian
Ĥ =

X
i

e2 X 1
Ĥ0,i +
.
4π i<j ri,j

(3.1)

Here Ĥ0,i is the single particle Hamiltonian for the Haldane sphere, given in
equation (2.6); it’s eigenfunctions are the monopole harmonics described in section
2.2. The complete set of monopole harmonic functions with the same magnetic
quantum number Q spans the complete single particle Hilbert space of the quantum
Hall problem, but solving the problem in an infinite Hilbert space is impractical.
Fortunately, the problem can be simplified by restricting the problem to an
appropriate non-infinite Hilbert subspace. The choices of restriction will be discussed
in the following section; for now, we assume a restriction to a Hilbert subspace that
is spanned by a finite set of N linearly independent single-particle wavefunctions,
S = {φ1 , φ2 , . . . , φN }. The single-particle wavefunctions are written as φj , where j
is the index of the j th function in the ordered set S. The choice of ordering of these
wavefunctions is arbitrary, but some ordering must be defined. If spin is included
in the problem, the single particle wavefunctions will include spin functions, χj , in
addition to spatial wavefunctions.
We can construct totally antisymmetric n-electron wavefunctions called Slater
determinants from n-element subsets of S. Let us take F = {φf 1 , φf 2 , . . . , φf n } to be
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some arbitrary n-element subset of S, where the elements of F preserve the ordering
of S. Then F corresponds to a Slater determinant given by:
1
ΦF (x1 , . . . xn ) = √
n!

φf 1 (x1 ) φf 1 (x2 ) · · ·
..
..
.
.

φf 1 (xn )
..
.
.

φf n (x1 ) φf n (x2 ) · · ·

φf n (xn )

(3.2)

where xj is the coordinate of the j th electron. The same Slater determinant can also
be written in second quantized notation as
|l1 , m1 ; l2 , m2 ; . . . ; ln , mn i = c†ln ,mn . . . c†l2 ,m2 c†l1 ,m1 |0i.

(3.3)

The creation operator c†li ,mi creates an electron in the single-particle state |Q, li , mi i,
where the monopole strength Q has been dropped for brevity since, as always, it
has the same value for all particles in the system. Each of the |Q, l, mi monopole
harmonics maps to a distinct wavefunction in the set S.
The set of all possible n-electron distinct Slater determinants built from S spans
the n-particle Hilbert space of the problem. These Slater determinants are the basis
set for diagonalizing the interaction matrix with elements
hΦa |Ĥ|Φb i.

(3.4)

The matrix elements of the matrix are simple to compute using the well-developed
rules of Slater determinant formalism, which are described in [Friedrich (2006)] and
are derived explicitly in [Bethe and Jackiw (1986)]. The matrix elements can be
calculated simply in either of two ways. The first is to evaluate them directly using
equation (2.3). The second method, which is used in the majority of publications, is to
evaluate two-body interaction terms using the pseudopotential expansion of equation
(2.25) with the desired pseudopotential.
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Diagonalizing the Hamiltonian matrix in this Slater determinant basis set gives
a good approximation to the exact energies and wavefunctions of the experimental
system.

3.2

Hilbert subspace

Because any n-body, totally antisymmetric wavefunction can be written as a linear
combination of Slater determinants, the eigenvectors of the configuration interaction
calculation would be exact solutions to Hamiltonian if the Slater basis states were to
span the complete Hilbert space. Unfortunately, spanning the quantum Hall Hilbert
space requires an infinite basis set, and so exact numerical solutions are unattainable.
The problem can be solved, however, within subspaces of the Hilbert space that can
be spanned by a finite set of wavefunctions. If we choose appropriate restrictions to
the Hilbert subspace, then the numerical solutions will be very good approximations
to the exact solutions for the system.
In the quantum Hall problem, it is most common to restrict the Hilbert subspace
to a single, spin-aligned Landau level.

This restriction to the Hilbert subspace

is a reasonable approximation to the functional space seen by electrons in the
quantum Hall system when the magnetic field is exceptionally strong. In this case,
the noninteracting single-particle energies within a single Landau level are highly
degenerate, but are radically different from the energies of other Landau levels, so it is
reasonable to assume that electron excitations to other Landau levels are difficult and
rare. In addition, the restriction assumes that a strong enough magnetic field will act
to align all of the electron spins and essentially forbids spin flips in the interactions.
Calculations performed in this restricted subspace are excellent at predicting the
formation of the incompressible quantum liquid states observed experimentally, and
are often used as numerical experiments to compare to ansatz wavefunctions.
This usual choice of Hilbert space restriction obviously ignores the possibility of
inter-Landau level electron excitations, but the inclusion of more than one Landau
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level in numerical calculations is computationally too large to consider for all but
the the smallest systems (few electrons and very small Q). We will address electron
excitations and Landau level mixing in Chapter 4.

3.3

The Wigner-Eckart theorem

Even though the isolated Landau level approximation greatly reduces the size of the
Slater determinant basis set, the problem still grows dramatically with the number of
electrons and the size of the Haldane sphere (which is related to Q). The size of the
matrix to be diagonalized can be reduced significantly by using the Wigner-Eckart
theorem to evaluate the matrix elements.
The matrix element of a spherical tensor operator Tqk with respect to arbitrary
angular momentum eigenstates |γ, j, mi is given by the Wigner-Eckart theorem,
[Edmonds (1996)] equation (5.4.1):

0
0
hγ 0 j 0 m0 |Tqk |γjmi = (−1)j −m 

j

0

k
0

−m

j



 hγ 0 j 0 ||Tk ||γ, ji.
q m

(3.5)

The reduced matrix element, hγ 0 j 0 ||T(k) ||γ, ji is independent of the azimuthal

quantum numbers m and m0 , and of the tensor index q. If the tensor operator is

a scalar (as is the case for the Coulomb potential), the spherical tensor is of rank 0,
and (3.5) simplifies to

0
0
hγ 0 j 0 m0 |T00 |γjmi = (−1)j −m 

j0

0

0

−m

j



 hγ 0 j 0 ||T0 ||γ, jiδm,m0 δj,j 0 .
0 m

(3.6)

The Kronecker deltas have been explicitly added to equation (3.6), but are simply
properties of the Wigner 3J symbols.
A simple reduction to the problem size comes from the Kronecker delta in
the total azimuthal angular momentum M . Because the Slater determinants are
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all eigenvectors of the total azimuthal quantum number, M =

P

mi , equation

(3.6) applies to the total M even though the Slater determinants are simultaneous
eigenstates of the total angular momentum squared, L2 . As a result, the Hamiltonian
matrix described in section 3.1 is actually block diagonal in M , and the eigenvalues of
each subblock are independent of M . So, instead of diagonalizing the full interaction
Hamiltonian, it is more useful to diagonalize only the largest M subblock, the one
that includes the maximum number of L eigenstates. The largest of the subblocks,
the one which includes all possible total angular momenta L, is the one with the
minimum value of |M |.
In other words, the Hamiltonian matrix can be reduced in size without loosing
any eigenvalues simply by restricting the Hilbert space to that of a single total M .
That is, we can reduce the size of the computational problem simply by eliminating
P
P
all Slater determinants with
mi 6= 0 (or
mi 6= 1/2 for systems in which n and
2l are both odd) without loosing any solutions.
In order to further reduce the matrices to be diagonalized, we can rotate the
Slater determinant basis into the coupled angular momentum representation basis
via a simple linear transformation,
ΨL,M,α =

X

ci Ψi ,

(3.7)

where Ψi are the n-particle Slater determinants and ΨL,M,α is an angular momentum
eigenstate. The index α is an index that distinguishes different orthogonal states
with the same total angular momentum, L in the coupled angular momentum
representation.

If the original Slater determinant basis set spanned a complete

subspace of the total angular momentum, then the new angular momentum basis
also spans the Hilbert subspace, and the Hamiltonian interaction matrix will yield
equivalent solutions even though the matrix elements will obviously be different.
In the new, rotated basis, it is clear that (3.6) implies that the Hamiltonian matrix
is block diagonal in both the total angular momentum, L, and the total azimuthal
55

angular momentum, M . As before, the matrix elements are also independent of M ,
so we can choose a single value of M to reduce the entire problem. In addition, in
the coupled angular momentum representation, the energy spectrum as a function of
L can be found by separately diagonalizing separate L subblocks.
In some cases it will prove valuable to rotate the Slater determinant basis into
the coupled angular momentum basis before numerical diagonalization, but it is
not necessary to resolve the Slater determinants into angular momentum eigenstates
prior to diagonalization. Because the Coulomb interaction Hamiltonian can be block
diagonalized in L and M , it must be the case that diagonalizing the Hamiltonian in
the uncoupled Slater determinant representation yields energy eigenvectors that are
also eigenstates of L and M . Essentially, the Wigner-Eckart theorem grants us some
flexibility in solving the problem: we can diagonalize the problem over a complete set
of Slater determinants, or a set of Slater determinants restricted to a single M . Or,
if the problem is particularly large, we can even diagonalize the same problem in the
basis set consisting of sums of the Slater determinants that are also eigenstates of the
angular momentum. All three methods will give the same solutions.

3.4

Numerical diagonalization

In this section, I will present the results of a few numerical trials for 8 particle
systems in the lowest Landau level (LL0) interacting under the unmodified Coulomb
potential and discuss the results in connection with the Laughlin state heirarchy and
the composite fermion picture. The numerical diagonalizations were performed using
LAPACK, or when the matrix was particularly large and sparse, ARPACK.
The Laughlin states occur when ν = 1/m, where m is an odd integer, and they
are found on the Haldane sphere in the lowest Landau level (LL0) for an N electron
system at 2Q = m(N − 1). (In this section, the number of electrons is indicated
with a capital N in order to distinguish it from the Landau level index, n.) Naively,
a ν = 1/m filling factor on the Haldane sphere should be expected to occur when
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Figure 3.1: Numerical results for ν = 1/3 quantum hall system for 8 electrons and
Q = 21/2. The ground state at L = 0 is the Laughlin incompressible ground state
and can be clearly seen with a large energy gap characteristic of the robust ν = 1/3
state. Above the ground state, the low-lying energy band is the energy spectrum of
a quasielectron-quasihole pair.
N/(2Q + 1) = 1/m. For systems that are numerically practical (meaning N is less
than 20 and is usually closer to 10), the incompressible state occurs at the corrected
2Q = m(N − 1) rather than the naively determined 2Q = mN − 1, but the spherical
system correction is irrelevant in the limit as N and Q become significantly larger.
The energy spectrum for an 8 electron, ν = 1/3 system is presented as a function of
the total angular momentum L in figure 3.1. The Laughlin incompressible quantum
liquid state is the non-degenerate L = 0 ground state, and its stability is marked
by a relatively large energy gap. The low-lying energy band above the ground state
consists of the excited states with a quasielectron and a quasihole.
If the filling factor is close to, but slightly different from 1/m, then quasiparticles
will form in the quantum Hall system: if ν > 1/m, the quasiparticles will be
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(a) Energy spectrum for N = 8 electrons,
Q = 20/2, near ν = 1/3 filling.
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(b) Energy spectrum for N = 8 electrons,
Q = 19/2, near ν = 1/3 filling.

Figure 3.2: The lowest 100 energy eigenvalues near ν = 1/3 filling for 8 electrons
(ν = 1/3 occurs at Q = 21/2, and is shown in Figure 3.1). When Q = 20/2, in shown
in 3.2a, the L = 4 ground state is a state with a single quasielectron excitation.
Figure 3.2b shows the numerical results for Q = 19/2. The lowest energy band is the
energy spectrum of a pair of quasielectrons. The higher energies correspond to states
with multiple quasielectron and quasihole excitations.
quasielectrons; if ν < 1/m, they will be quasiholes.

Numerically, for example,

the lowest energy state in figure 3.2a is the Laughlin incompressible state plus a
single quasielectron. Haldane predicted that, at correct values of ν near the Laughlin
parent state, these quasiparticles could themselves form a daughter state that is also
incompressible state [Haldane (1983)]. Quasiparticles of the daughter state could
then also subsequently form additional incompressible, etc..., producing a hierarchy
of possible Laughlin daughter state filling factors. Only a small subset of the Laughlin
hierarchy states are actually observed experimentally, and these states are predicted
in the Jain composite fermion picture 3.2a [Jain (1989)].
Under the Jain composite fermion picture in the spherical geometry, the total
number of magnetic fluxes seen by the electrons is given by 2Q. Attaching an even
number, α, of magnetic flux tubes to each electron transforms each of them into what
is called a composite fermion. The effective magnetic monopole strength seen by each
composite fermion (CF) is equal to
2Q∗ = 2Q − α(N − 1).
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Figure 3.3: Numerical trials for ν = 2/5 quantum Hall system for 8 electrons and
Q = 16/2. The ground state at L = 0 is the incompressible Jain state found at
ν = 2/5. The low-lying energy band above the L = 0 ground state corresponds to
the states of a single quasielectron-quasihole pair.
The effective monopole strength seen by one CF is reduced from 2Q by the number
of flux tubes per electron, α, times the number of CFs other than itself. This effective
monopole strength, 2Q∗ , defines the CF Landau levels, where the nth CF Landau is
defined by the angular momentum shell ln∗ = Q∗ + n for n = 0, 1, . . ..
An incompressible quantum Hall state occurs when the number of composite
fermions exactly fills one or more of these CF Landau levels. For example, let us
consider a system with N composite fermions filling only the lowest CF Landau level.
Since the Landau level degeneracy is equal to 2l0∗ + 1, the effective monopole strength
must be given by 2Q∗ = N − 1. The total magnetic monopole strength for the system
is determined from equation (3.8) to be given by
2Q = (α + 1)(N − 1).
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(3.9)

Selecting Q and n and an even value of α to satisfy (3.9) and gives the Laughlin
sequence with filling factor ν = 1/(1 + α). The ground states of this sequence consist
of a totally filled lowest CF Landau level that is non-degenerate, is incompressible,
and has a total angular momentum of L = 0. The results of numerical diagonalization
for N = 8 and Q = 21/2 in figure 3.1, which corresponds to the ν = 1/3 state clearly
show the L = 0 ground state predicted by the CF picture.
When the value of 2Q is very close to an incompressible quantum liquid state,
quasielectrons or quasiholes will form in the composite fermion shell. When 2Q∗ + 1
is smaller than the number of particles, N , then quasielectrons will be formed in the
lowest unoccupied CF shell. For example, in the 8 particle system near ν = 1/3, a
monopole strength of Q = 20/2 results in ground state with a single quasielectron
in the first excited CF Landau level. The value of Q∗ is 3 according to equation
(3.8). The lowest energy state, which consists of a totally filled CF LL0 and a single
quasielectron in the CF LL1, then, has a total angular momentum equal to 4, as can
be seen in figure 3.2.
Other sequences of fractional fillings can be produced by filling more than one CF
Landau level. For example, the ν = 2/5, 2/7, . . . sequence of Jain states results from
filling the lowest two CF Landau levels, and occurs when
2Q =

2α + 1
n − (2 + α).
2

(3.10)

The incompressible L = 0 ground state for the ν = 5/2 state can be seen clearly in
figure 3.3.
As good as the Jain composite fermion picture is at predicting which of the
Laughlin hierarchy states are experimentally (and numerically) observed, the physics
of the model cannot be an accurate picture of the dynamics, as discussed in chapter
1. Instead, the existence of a Laughlin incompressible state can be predicted by the
interaction pseudopotential of its constituent fermions. A Laughlin incompressible
ground state of interacting fermions will occur only when the pseudopotential of
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those particles is superharmonic: the pseudopotential must increase faster than a
harmonic pseudopotential, VH (L) = A + B ∗ L(L + 1) [Wójs and Quinn (2000)]. In
the lowest Landau level, the electron pseudopotential is strongly superharmonic, and
as a result, the base Laughlin sequence of ν = 1/m is strongly observed.
The pseudopotentials for quasielectrons near Laughlin filling factors, however, are
not universally superharmonic. The pseudopotential of the quasiparticles can be
found numerically by diagonalizing finite systems with pairs of quasiparticles. The
resulting lowest energy band is the interaction energy of the pair of quasiparticles
as a function of their pair angular momentum, the quasiparticle pseudopotential.
The quasielectron pseudopotential of the ν = 1/3 is the lowest energy band shown
in figure 3.2b If the quasiparticle pseudopotential is itself superharmonic, then the
quasiparticles of the Laughlin parent state can themselves form an incompressible
Laughlin state. Pseudopotentials that are not superharmonic induce particle pairing
instead of incompressible quantum liquid states. As shown in [Wójs and Quinn
(2000)], the pseudopotential description of Laughlin condensation explains the success
of the Jain composite fermion states with a more realistic physical picture.

3.5

Pair probabilities and coefficients of fractional
grandparentage

In addition to giving the angular momentum dependent energy eigenvalues, exact
numerical diagonalization also provides a numerical approximation to the exact manybody wavefunctions of the system. As such, we can use numerical diagonalization
studies to directly examine the correlated behavior of electrons in the system in a
way that physical experiments do not allow.
In this section, I will cover the coefficients of fractional grandparentage and the
pair probabilities, another set of tools useful for analyzing the correlated behavior
of electrons. We begin with an n-electron wavefunction that is an eigenfunction of
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the square of the total angular momentum, L2 . For this problem, we will assume
all electrons are confined to the same Landau level. Because the set of all Slater
determinants corresponding to that Landau level spans the n-particle wavefunction
Hilbert space, the angular momentum eigenfunction can be written as a sum over
Slater determinants:
ΨLM α (x1 , x2 , . . . , xn ) =

X

ci Φi (x1 , x2 , . . . , xn )

(3.11)

Here, xi is shorthand for the full position and spin label of the electrons, (ri , ms,i ).
Because the magnetic quantum number Q is unchanged in all parts of the quantum
Hall problem, it has been dropped from the expressions in this section. The index
α is, as before, a label to distinguish orthogonal wavefunctions that have the same
total angular momentum quantum numbers L and M ; it represents the complete
angular momentum coupling scheme of the angular momentum eigenstate. In general,
ΨLM α (x1 , x2 , . . . , xn ) can be any n-body angular momentum eigenstate, but the states
of interest in this problem are naturally those that are also the energy eigenstates of
the quantum Hall problem.
The state vector of the n-electron angular momentum wavefunction can also be
written as a coupled angular momentum eigenstate,
|ΨLM α (1, 2, . . . , n)i ≡ |ln ; LM αi.

(3.12)

The state vector is fully antisymmetric under the interchange of any pair of electrons.
It is an element of the irreducible tensorial set of angular momentum eigenvectors,
written (1, 2 . . . n]}ln , αL}, which has 2L + 1 members. In the notation of Fano and
Racah [U. Fano (1959)], the members of the irreducible tensorial set are indicated to
be antisymmetrized over particles 1, 2, . . . , n by the symbol ”]}” preceded by a list of
the particle labels over which the member functions are antisymmetrized.
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The same wavefunctions can be constructed from the products of 2-particle and
(n − 2)-particle states using the coefficients of fractional grandparentage. Consider
the 2-particle, totally antisymmetric angular momentum eigenstate |ΨL12 M12 (1, 2)i ≡
|l2 ; L12 M12 i with electrons with labels 1 and 2.
ducible tensorial set (12]}l2 L12 }.

It is a member of the irre-

Similarly, the totally antisymmetric angular

momentum eigenstates of the remaining electrons, with labels 3, 4, . . . , n, given by
|ΨL0 M 0 α0 (3, 4, . . . , n)i ≡ |ln−2 ; L0 M 0 αi for all allowed values of M 0 , are members of the

antisymmetrized irreducible tensorial set, (3 . . . n]}ln−2 α0 L0 }. These two irreducible
tensorial sets can be coupled to a set of states with total angular momentum L by
taking their irreducible product,

[L]
(12 . . . n|ln L} = (12]}l2 L12 } × (3 . . . n]}ln−2 α0 L0 }

(3.13)

Note that the expression on the left of equation (3.13) lacks the Fano antisymmetrization symbol, ”]}”. This is because, although (12 . . . n|ln L} is antisymmetric over the
interchange of particles 1 and 2 and over the interchange of the other n − 2 particles,
it is not yet antisymmetric over the interchange of particles 1 and 2 with particles
3, . . . , n.
Equation (3.13) can be be antisymmetrized to construct the fully antisymmetric
set (12 . . . n]}ln ; αL} by using the coefficients of fractional grandparentage, which are
denoted GLα,L0 α0 (L12 ) as follows:
(12 . . . n]}ln ; αL} =

XX
L12 L0 ,α0


[L]
GLα,L0 α0 (L12 ) (12]}l2 L12 } × (3 . . . n]}ln−2 α0 L0 }
.
(3.14)

Like the coefficients of fractional parentage described in section 2.8.2, the coefficients
of fractional grandparentage are the eigenvector coefficients of the non-zero eigenvalues of the antisymmetrization operator.
In addition to being useful in constructing fully antisymmetric eigenstates of
the angular momentum, the coefficients of fractional grandparentage also contain
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information about the relative prevalence of electron pairs in the state with a given
coupled pair angular momentum, L12 . The probability PLα (L12 ) that a given angular
momentum eigenstate |ΨLM α i has electron pairs with coupled angular momentum
L12 is given in terms of the coefficients of fractional parentage by
PLα (L12 ) =

X
L0 ,α0

|GLα,L0 α0 (L12 )|2

(3.15)

Naturally, the sum of all pair probabilities over all possible values the pair angular
momentum L12 is necessarily equal to 1:
X

PLα (L12 ) = 1.

(3.16)

L12

The coefficients of fractional grandparentage of a given wavefunction, and the
corresponding pair probabilities, can be calculated directly using angular momentum
theory, but it is perhaps simpler to extract the pair probabilities from the tensor set
by projecting them out of the n-body wavefunctions. We begin with the following
expression, the partial inner product of a two-body tensorial set on an n-body tensorial
set:
(l2 L12 |ln ; αLi =

X
L0 α0

GLα,L0 α0 (L12 )(3 . . . n]}ln−2 α0 L0 }

(3.17)

We have dropped the notation of Fano and Racah on the left side of the expression
in order to simplify the expressions- the absence of the M indices should be sufficient
to indicate that these are tensorial sets rather than the elements of tensorial sets. We
have used curved braces for the pair tensorial set on the left instead of an angle bracket
because the expression is not a full inner product, but is itself a set of n − 2 particle
functions. The pair probabilities (and consequently, the coefficients of fractional
parentage) can be calculated using the following constructed expression:
hln ; αL|l2 L12 )(l2 L12 |ln ; αLi =

X
L0 α0
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|GLα,L0 α0 (L12 )|2 = P (L12 )

(3.18)

Note that the pair probability is evaluated by using a projection operator, PL12 =
|l2 L12 )(l2 L12 |. The pair probabilites of (3.18) can be calculated more directly in terms
of the elements of the irreducible set by summing over the elements of the two-particle
irreducible set,
PLα (L12 ) =

X
M12

hln ; αLM |l2 L12 M12 )(l2 L12 M12 |ln ; αLM i

(3.19)

In order to evaluate equation (3.19), we will use Slater determinants to perform
the projection of the two-body state onto the n-body state:
(l2 ; L12 M12 |ln LM αi = (ΨL12 (1, 2)|ΨLM α (1, 2, . . . , n)i

(3.20)

Here |ΨL12 M12 (1, 2)i ≡ |l2 ; L12 M12 i is an antisymmetric angular momentum pair
state for the electrons labeled 1 and 2, and |ΨLM α (1, 2, . . . , n)i ≡ |ln ; LM αi is an
antisymmetric angular momentum eigenstate of all n electrons. We can write the
wavefunctions of these two states in coordinate space as the sum over the Slater
determinants constructed from the same single-particle basis,
ΨL12 M12 (x1 , x2 ) =

X

ΨLM α (x1 , x2 , . . . xn ) =

X

aj (L12 M12 )Φj (x1 , x2 )

j

ak (LM α)Φk (x1 , x2 , . . . , xn ).

(3.21)

k

As in section 3.1, xi is a shorthand for of all the coordinates (and spin, if included) of
the ith electron. The projection of the two-particle wavefunction onto the n-particle
wavefunction is given in terms of the two- and n-body Slater determinants by
0

Ψ (x3 , . . . , xn ) =

XX
j

a∗j (L12 M12 )ak (LM α)

Z

Φ∗j (x1 , x2 )Φk (x1 , x2 , . . . xn )dx1 dx2 .

k

(3.22)
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The integral of 3.22 can be evaluated directly without explicit integration by
using the orthonormality of the single particle wavefunctions to develop the following
theorem.
Theorem 3.1. Given a two particle Slater determinant,
1 φ1 (x1 ) φ1 (x2 )
1
Φj (x1 , x2 ) = √
= √ [φ1 (x1 )φ2 (x2 ) − φ1 (x2 )φ2 (x1 )]
2 φ2 (x1 ) φ2 (x2 )
2

(3.23)

constructed from the set of two single-particle wavefunctions, Sj = {φ1 , φ2 }, and an
n-particle Slater determinant

1
Φk (x1 , . . . xn ) = √
n!

φ01 (x1 ) φ01 (x2 ) · · ·
..
..
.
.

φ01 (xn )
..
,
.

φ0n (x1 ) φ0n (x2 ) · · ·

φ0n (xn )

(3.24)

constructed from the set of n single-particle wavefunctions, Sk = {φ01 , φ02 , . . . , φ0n },
where Sj and Sk are subsets of the same overset of orthonormal, single-particle wavefunctions with a consistently defined ordering, then the integral over the coordinates
x1 and x2 of the inner product of the two Slater determinants,
Z
F (x3 , x4 , . . . , xn ) =

Φ∗j (x1 , x2 )Φk (x1 , x2 , . . . xn )dx1 dx2 ,

(3.25)

is zero unless φ1 and φ2 from Sj are also elements of Sk . If φ0i = φ1 and φ0j = φ2

for some φ0i and φ0j in Sk , then the integral is itself a Slater determinant of (n − 2)
particles formed from Sk−j = Sk \ Sj , (the set of single particle wavefunctions of Φk

minus φ0i = φ1 and φ0j = φ2 ) times a constant,
s
F (x3 , . . . xn ) = (−1)i+j+1

2
(j)
Φred,k (x3 , . . . , xn ).
n(n − 1)

66

(3.26)

The Slater determinant in (3.26),

1
(j)
Φred,k (x3 , . . . , xn ) = p
(n − 2)!

φ01 (x3 ) · · ·
..
.

φ01 (xn )
..
,
.

φ0n (x3 ) · · ·

φ0n (xn )

(3.27)

will be called the Slater determinant of j reduced by k. The indices i and j arise
out of the arbitrary ordering of the single-particle wavefunctions necessary for the
construction of the Slater determiants.
Proof. If φ1 and φ2 are not both elements of Sk , it follows trivially from the
orthogonality of the single particle wavefunctions comprising the Slater determinants
that the integral in (3.25) must equal 0. Assume, for example, that φ1 is absent from
Sk . Then by (3.24), the definition of Φk , particle 1 (or paritcle 2) does not occupy
φ1 in any terms of Ψk . We expand then the Slater determinant about the column for
particle 1, for example,
1
Φk (x1 , . . . xn ) = √ [φ01 (x1 )f1 (x2 , . . . , xn ) + φ02 (x1 )f2 (x2 , . . . , xn )+
n!
. . . + φ0n (x1 )fn (x2 , . . . , xn )] ,

(3.28)

where the (n − 1) functions fa are all determinants times ±1. It is clear that, since

φ1 is not found among the φ0i , then the integral over particle 1 is zero for all terms in
the sum. This result obviously also holds for φ2 .
And so, the integral is non-zero only if φ1 and φ2 are also both elements of Sk .
Now, let us assume that Sk contains the following two wavefunctions φi = φ1 and
φj = φ2 . The integral of (3.25) can be carried out by using the Laplace expansion
of the Slater determinants about the first two columns of (3.24). The majority of
the terms in the expansion will be zero due to the orthogonality of the single particle
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functions; the remaining non-zero part of (3.25) is

1
F (x3 , . . . xn ) = √
2 × n!
×

Z

φ01 (x3 ) · · ·
..
.

φ01 (xn )
..
.

φ0n (x3 ) · · ·

φ0n (xn )



(−1)i+j+1 φ∗1 (x1 )φ∗2 (x2 )φ0i (x1 )φ0j (x2 ) − (−1)i+j φ∗2 (x1 )φ∗1 (x2 )φ0j (x1 )φ0i (x2 ) dx1 dx2
(3.29)

The determinant of (3.29) is itself an unnormalized (n−2) particle Slater determinant
of particles 3, 4, . . . , n formed from the set Sk−j = Sk \ Sj , (the set of single particle
wavefunctions of Φk minus φ0i = φ1 and φ0j = φ2 ).

Integrating (3.28) and incorporating the definition of the reduced Slater determinant defined in (3.27) yields the result
Z

s
Φ∗j (x1 , x2 )Φk (x1 , x2 , . . . xn )dx1 dx2 = (−1)i+j+1

2
(j)
Φ
(x3 , . . . , xn ).
n(n − 1) red,k
(3.30)

Returning to (3.22), the projection of the two-particle wavefunction onto the nparticle wavefunction reduces to
s
Ψ0 (x3 , . . . , xn ) =

XX
2
(j)
(−1)i+j+1 a∗j (L12 M12 )ak (LM α)Φred,k (x3 , . . . , xn ).
n(n − 1) j k

(3.31)
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And as a result, the inner product hln ; Lα|l2 ; L12 )(l2 ; L12 |ln ; Lαi is given by
PLα (L12 ) =

X
M12

hln ; LM α|l2 ;L12 M12 )(l2 ; L12 M12 |ln ; LM αi

X
2
0
0
(−1)j+j +k+k a∗k0 (LM α)aj 0 (L12 M12 )ak (LM α)a∗j (L12 M12 )
=
n(n − 1) 0
j,j ,
k,k0

×

Z

(j 0 )
(j)
Φred,k0 (x3 , . . . , xn )Φred,k (x3 , . . . , xn )dx3


. . . dxn
(3.32)

Note that the integral in equation (3.32) is not a simple delta function in k and k 0 or
in j and j 0 . Instead, the integral is equal to 1 when the sets that define the reduced
(j)

(j 0 )

Slater determinants, Φred,k and Φred,k0 are equal. That is, the integral is 1 if and only
if Sk−j ≡ Sk \ Sj is exactly equal to Sk0 −j 0 = Sk0 \ Sj 0 .
Using the result given in equation (3.32), the pair probabilities in an 8 electron
system for the Laughlin incompressible ground state at filling factor of ν = 1/3 and
for the Jain incompressible ground state at ν = 2/5 are presented in figure 3.4. The
pair probabilities are presented as a function of the relative pair angular momentum
R = 2l − L12 . Since both of these filling factors correspond to the lowest Landau
level, l = l0 = Q.
As can be seen in figure 3.4, electrons in the L = 0 ground states for both the
ν = 1/3 and the ν = 2/5 states strongly avoid pair states with R = 1. Electron pairs
in both ground states avoid the R = 1 highest pair angular momentum as a result
of the strong repulsion of the pair angular momentum in the lowest Landau level.
States in which electron pairs dramatically avoid high angular momentum states are
said to be Laughlin correlated, and the avoidance of such high angular momentum
pair states is known as Laughlin-Jastrow correlations.
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(a) Pair probabilities for the ground state at ν = 1/3 filling.
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(b) Pair probabilities for the ground state at ν = 2/5 filling.

Figure 3.4: The pair probabilites for the L = 0 ground states for 8 electrons as a
function of the relative pair angular momentum, R = 2l − L12 , where l = Q because
the electrons are in the lowest Landau level. Subfigure (a) corresponds to the L = 0
ground state shown in figure 3.1; subfigure (b) shows the pair probabilities for the
L = 0 ground state of figure 3.3. Notice that, for both ground states, the pair
probability for R = 1 is significantly depressed: in other words, electron pairs in both
ground states strongly avoid pair states with very large pair angular momentum. This
avoidance of pair states with R = 1 is known as Laughlin correlations or LaughlinJastrow correlations.
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Chapter 4
Landau level mixing
Up until this point, we have used the single Landau level approximation in order to
calculate the electron correlations in the quantum Hall system. This approximation
assumes that the magnetic field, B, is sufficiently strong that electrons cannot
transition to other Landau levels, which restricts the single-particle Hilbert space
to that of a single, isolated Landau level. It also assumes that electrons in a closed
Landau level do not contribute to the behavior of electrons in other shells.
This single Landau level approximation is most valid in the regime of extremely
strong magnetic fields, where the ratio γ of the cyclotron energy ~ωc to the Coulomb
p
energy Vc = e2 /4πλ, where λ = ~/Be is the magnetic length, is very large. In
this case, the Coulomb energy is the only relevant energy scale, and the Coulomb
interaction alone controls the electron correlations. However, in typical quantum
Hall experiments, the ratio γ is not dramatically greater than 1, and inter-Landau
level electronic excitations should be taken into account. For example, assuming the
experiment is being performed on very cold gallium arsenide, γ is approximately 1.26
for a moderately strong magnetic field of 10 Tesla. The physical constants for GaAs at
4 Kelvin have been taken from [Haynes (2012)]. The contribution of multiple Landau
levels to the behavior of electrons largely, but not completely, confined to a single
Landau level is known as Landau level mixing.
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In theory, Landau level mixing could be examined directly using the same
techniques of exact numerical diagonalization presented in Chapter 3 for manyelectron systems.

Unfortunately, numerical diagonalizations for many-particle

systems in the Hilbert space including multiple Landau levels are prohibitively large
to be carried out for all but a very small number of particles [Wójs and Quinn (2006);
Yoshioka (1984)]. There have been a few other attempts to treat Landau level mixing.
A recent paper [Bishara and Nayak (2009)] treated the effects of LL mixing on the pair
pseudopotentials by perturbation theory to second order in κ = γ −1 . Earlier works
evaluated LL mixing through numerical diagonalization of systems with few particles
[Wójs and Quinn (2006); Yoshioka (1984)], or by the random phase approximation
[Morf et al. (2002)].
In this chapter, we will incorporate Landau level mixing into the pseudopotential V (L) by numerically diagonalizing the Hamiltonian within Hilbert subspaces
restricted by the total angular momentum, L and the non-interacting energy of the
states. Each Hilbert subspace will include all excited states of the same angular
momentum with non-interacting energies within x~ωc +δ of an initial pair state. Here,
x is an integer representing the number of excitations and δ is a minor correction
factor to the energy arising from the spherical geometry that becomes vanishingly
small on a large sphere. In the calculations for LL1, we explicitly include states
with quasiparticles created from the filled LL0 shell. I will evaluate the Landau level
mixing pseudopotentials in the lowest and first excited Landau levels (LL0 and LL1,
respectively) in the short range (large L), since the short range pseudopotentials have
the largest effect on electron correlations.

4.1

Level mixing in the lowest Landau level

It is relatively simple to examine how Landau level mixing affects the pseudopotential
of the lowest Landau level (LL0). The Hamiltonian of the system is, again, a sum
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over the single-particle energies plus the Coulomb interaction,
"
#
X (li − ~QR̂i )2 X λ0
e2
γ
,
Ĥ =
+
4πλ0
2Q~2
r
i=1
i<j ij

(4.1)

where Q is the magnetic monopole strength with 2Q = an integer, and ln = Q + n is
the shell angular momentum of an electron in LLn.
We begin with a pair of electrons both in LL0 in an angular momentum eigenstate,
|l02 ; Li with total angular momentum L and a non-interacting magnetic energy ~ωc . As
can be seen in section 2.5, the spatial symmetry of the angular momentum eigenstate
is determined by the spin symmetry of the electron pairs: given that R = 2l0 − L
for electrons in LL0, spin triplet electrons are restricted to odd values of R, while
spin singlet electrons take only even values of R. As a result of the Wigner-Eckart
theorem, each of these initial ground states, |l02 ; Li, interacts only with states that
have the same total angular momentum, L. As such, numerical diagonalizations will
be performed on basis sets of total angular momentum pair states with the same
angular momentum and same spin.
For each L, the LL0 pair state |l02 ; Li will be the initial ground state used to
construct the basis set for numerical diagonalization. The remainder of each L-basis
set consists of all magnetically excited pair states within x~ωc with the same total
angular momentum as the initial ground state. The matrix to be diagonalized is not
large for small values of x. For example, if including up to x = 2 excitations, the
basis set for a single value of the total angular momentum L contains only 4 basis
states: |l02 ; Li with magnetic energy ~ωc , |l0 , l1 ; Li with magnetic energy 2~ωc , and
|l0 , l2 ; Li and |l12 ; Li, both with magnetic energy 3~ωc .
The lowest eigenenergy of the numerical diagonalization for each L is one
term, V (L), of the pseudopotential including Landau level mixing. The numerical
diagonalizations for R = 2l0 − L = 0, 1, . . . 5 were performed for a wide range of
magnetic fields between 2 and 120 Tesla for magnetic monopole strengths Q =
5, 10, . . . , 50. For each magnetic field, a functional fit was performed in powers of
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Q−1 up to Q−2 . Taking the limit as Q approaches ∞ of the functional fit gives
a good approximation to the expected pseudopotential on an infinite sphere, which
corresponds to an infinite plane. The Landau level mixing pseudopotentials including
√
up to 4 excitations are presented as function of κ(B) = 1/γ(B) ∝ B in Fig. (4.1).
As can be seen in Fig. (4.1), the Landau level mixing pseudopotentials in the
lowest Landau level vary nearly linearly in κ(B) = γ −1 (B). For all but the highest
angular momentum state, R = 0, the effect of Landau level mixing is only on the
order of ≈ 1% for even relatively weak magnetic fields (≈ 2T). It is only the R = 0
term of the pseudopotential that is noticeably changed by the inclusion of Landau
level mixing: in this case, the effect is on the order of at most ≈ 10%. In addition,
because the R = 0 term is the only term that is even moderately affected by Landau
level mixing, we predict that Landau level mixing contributes very little to electrons
in the lowest Landau level. This result agrees with an earlier numerical calculation,
which determined that the effect of Landau level mixing on the ν = 1/3 state is
minimal [Yoshioka (1984)].
Note that, in the presence of a strong magnetic field, the electron spins will most
likely align with the magnetic field. As such, they will be in the spin-aligned triplet
state and will be unable to form coupled states with even relative angular momentum,
R. As a result, the relatively stronger effect of Landau level mixing on the R = 0
pseudopotential should be entirely invisible in systems that are totally spin polarized.

4.2

Level mixing in the first excited Landau level

To determine the effect of Landau level mixing on the first excited Landau level we
begin with an initial ground state with a pair of electrons in the first excited Landau
level and construct a basis set that includes magnetically excited states within x~ωc of
this initial state. As in the Landau level 0 mixing calculations, we can use the WignerEckart theorem to separate diagonalizations of different total angular momenta, L
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Figure 4.1: The pseudopotentials for pairs in LL0 as modified by LL mixing for
R = 0, 1, . . . , 5 are presented as a function of κ(B) = e2 /~ωc 4πλ, κ ∝ B −1/2 , where
B is the magnetic field strength. The x = 2 and 4 excitation curves are the results
for including all states within an energy cutoff of x~ωc of the initial LL0 pair state in
the Hilbert space.The horizontal line in each plot is the non-mixing pseudopotential.
The pseudopotentials are given in units of the Coulomb energy.
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However, unlike in the lowest Landau level, LL0, this initial state must also
include the totally filled Landau level 0 shell, which contains 2Q + 1 spin down
and 2Q + 1 spin up electrons.

The filled LL0 spin shells can equivalently be

considered a vacuum ground state from which electron-hole pairs can be created.
So, the numerical diagonalization must include not only magnetic excitations of the
LL1 electrons, but also the creation of electron-hole quasiparticles. Because it is
considerably more numerically challenging to include both spin up and spin down, as
a first approximation, we consider a system that entirely ignores electron with spins
that are not aligned with the magnetic field. So, in this model, we define the initial
ground states as the eigenvectors of total angular momentum L with a pair of spin
up electrons in LL1 and a totally filled spin up LL0 shell. These ground states can
2
; Li, where the filled LL0 spin up shell is implicitly included as a
be written as |l1↑

vacuum state, and the filled LL0 spin down shell is treated as a closed and inactive
bystander.
The remainder of each total L basis set is constructed from its initial eigenvector
2
; Li by including all possible magnetically excited states with the same
ground state |l1↑

total angular momentum. For example, one singly excited state (with magnetic energy
within ≈ ~ωc of the initial ground state) is the state written |l1↑ , l2↑ ; Li. However,
with the same number of magnetic excitations are the set of all states with 3 electrons
3
, h0↑ ; Lαi, where
in LL1 and a single hole in LL0. These states can be written as |l1↑

h0↑ represents an electron hole created in the Landau level 0 spin up shell, and α
is an additional label to distinguish similar orthogonal states with the same total L.
Because the Hamiltonian lacks any spin operators, the only excited states included
in the Hilbert subspace are those that share the same total z-component of spin, Sz .
In other words, when constructing the excited states, no spin flips are considered for
the model.
For each allowed angular momentum L, we diagonalize the Hamiltonian to get
the lowest energies. The lowest energy eigenvalues are the pair energies, E2x (L, B),
which are a function of the angular momentum L, and the magnetic field. However,
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the two body energies calculated by numerical diagonalization, E2x (L, B), are not
the pseudopotentials as they were in the LL0 diagonalizations. Instead, the energy
eigenvalues given by this procedure also include the quasiparticle and the vacuum
energies, which also depend on Landau level mixing and must be subtracted from the
pair energies to give the pseudopotential.
Fortunately, the quasiparticle energy and the vacuum energy as affected by Landau
level mixing can also be found through the same procedure as the two-electron
energies. To evaluate the energy of a single quasiparticle including up to x magnetic
excitations, we define a single initial ground state, |l1↑ ; Li. The initial ground state
implicitly includes a totally filled LL0 ground state, and its total angular momentum
L is necessarily equal to the shell angular momentum, l1 of LL1. The single initial
ground state connects only to magnetically excited states of the same total angular
2
momentum, e.g. |l1↑
, h0↑ ; Li, where here L = l1 .

The single-electron ground state and all magnetically excited states with angular
momentum L = l1 form the basis set for diagonalizing the Hamiltonian. Upon
diagonalization, the resulting lowest energy including up to x magnetic excitations is
the single-particle mixing energy, E1x (B) and is function of the magnetic field. This
energy in turn also includes the energy of the vacuum state, E0x (B) which must also
be calculated in the same manner.
The initial ground state for the vacuum energy calculation is the state with no LL1
electrons, and a totally filled lowest Landau level shell. The total angular momentum
of this state is L = 0, and again by the Wigner-Eckart theorem, it connects only to
magnetically excited states with the same angular momentum. Constructing the basis
set restricted by the same energy cutoff, x, using the same procedure and diagonalizing
gives the lowest energy eigenvalue, E0x (B), which is the vacuum energy.
The pseudopotential, V x (L, B), for a finite number, x, of allowed magnetic
excitations is given by subtracting the energy of two quasiparticles from the pair
energy given by direct numerical diagonalization, E2x (L, B).

Because twice the

quasiparticle energy includes the vacuum energy twice, it is necessary to add the
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Figure 4.2: The LL1 mixing pseudopotential for R = 2l1 − L = 1 and a magnetic field
of B = 2, including all states within 2~ωc of the initial LL1 pair states, as a function
of the monopole strength, Q. This plot is an example of the extrapolations in powers
of Q−1 . For this model, electrons with spins anti-aligned with the magnetic field (spin
down) have been treated as non-participatory. The pseudopotential is given in units
of the Coulomb energy.
vacuum energy back in to get the pseudopotential.
V x (L, B) = E2x (L, B) − 2E1x (B) + E0x (B)

(4.2)

The results for the pseudopotential ignoring the spin down LL0 shell were carried
out with Q = 3, . . . , 30 for x = 1 and Q = 3, . . . , 9 for x = 2 for a wide range of
magnetic fields. For each magnetic field a numerical best fit for the data was found
for the function f (Q) = a + bQ−1 + cQ−2 . A sample data data set and functional
fit is shown in Figure 4.2.The value of this fit function in the limit as Q becomes
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infinite for each value of the magnetic field was recorded and plotted as a function of
√
κ(B) = 1/γ(B) ∝ B in the left column of Figure 4.3.
The model above can be improved by including excitations from the LL0 spin
down shell. The interaction Hamiltonian remains the same, and as such, electrons
are not allowed to flip spins in the model. As a result, although the newly included
spin down electrons and holes interact with the spin up electrons and holes, there
will be no exchange contribution for two-body matrix elements between spin up and
spin down particles. The mixing pseudopotentials for a spin parallel pair of electrons
in LL1 including opposite spin excitaitons were calculated using the same procedure
as before, and are presented in the right column of Figure 4.3. Including many more
excited states unfortunately increases the numerical size of the problem significantly,
such that diagonalizations were carried out for Q = 2, . . . , 15 for x = 1 and for only
Q = 2, . . . , 5 for x = 2. With so few points, the extrapolations in powers of 1/Q
are not definitive, but are not qualitatively different from the results of the smaller
system ignoring spins.
As a final model, we also performed the same procedure again, but this time for
an electron pair in LL1 with antiparallel spins. This model necessarily included
excitations of both spin up and spin down LL0 electrons, and included states
constructed from the initial angular momentum ground states, |l1↑ , l1,↓ ; Li. In this
case, it was too numerically challenging to evaluate the mixing pseudopotentials
including two magnetic excitations, x = 2, but the x = 1 results are presented in
Figure 4.4.
A primary difference between the first model and the remaining two is the largest
Q for which numerical diagonalization could be performed. For the same value of
Q, the system including both LL0 spin excitations is always significantly larger than
the systems that ignore excitations from the LL0 spin down shell. As a result, the
extrapolations in powers of Q−1 are most accurate for the first model because it was
computationally possible to diagonalize more and larger systems for x = 2. For this
reason, and because the two-excitation results are qualitatively similar for all three
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Figure 4.3: The pseudopotentials in LL1 as modified by LL mixing for R = 1, 3, 5, 7
are presented as a function of κ(B) = e2 /~ωc 4πλ, κ ∝ B −1/2 , where B is the magnetic
field strength. The x = 1 and 2 excitation curves are the results for including all states
within an energy cutoff of x~ωc of initial LL1 pair states in the Hilbert space. Excited
states include particle-hole excitations from the lowest Landau level. In this model,
the initial electron pair in LL1 are assumed to both be in a spin down state, and we
completely ignore the LL0 spin up electrons. The horizontal line in each plot is the
non-mixing pseudopotential. The pseudopotentials are given in units of the Coulomb
energy.
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Figure 4.4: The pseudopotentials in LL1 as modified by LL mixing for R = 0, . . . , 5 are
presented as a function of κ(B) = e2 /~ωc 4πλ, κ ∝ B −1/2 , where B is the magnetic
field strength. The x = 1 excitation curves are the results for including all states
within an energy cutoff of x~ωc of initial LL1 pair states in the Hilbert space. Excited
states include particle-hole excitations from the lowest Landau level. In this model,
the initial state has one electron of spin up and one of spin down in LL1, and both LL0
spins are included. The horizontal line in each plot is the non-mixing pseudopotential.
The pseudopotentials are given in units of the Coulomb energy.
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systems, the remaining discussion will focus on the results in the system ignoring spin
down excitations from LL0.
In stark contrast to the lowest Landau level, the first excited Landau level appears
to be somewhat strongly affected by Landau level mixing. The effect of mixing for
moderate magnetic fields is to depress the pair pseudopotentials. For example, in the
case where we have ignored electronic excitations from the LL0 spin down shell, the
effect of Landau level mixing is to reduce the pair pseudopotentials by a factor on
the order to 10-20% for magnetic fields in the range of ≈ 10 tesla for the highest pair
angular momenta, R = 1.
The pair pseudopotential reduction is strongest for the largest pair angular
momentum, R = 1, indicating that Landau level mixing in LL1 acts to reduce the
repulsion for tightly bound electrons. For larger values of R, or pair states with lower
total angular momentum, the Landau level mixing reduction to the pseudopotential
V (R) becomes decreasingly strong. For example, at a magnetic field of 10 Tesla in the
system, the LL mixing decreases V (R = 1) by a little over 15% when two excitations
are included. The percent reduction in the pseudopotential decreases as R increases
swiftly, such that the pseudopotential including LL mixing at R = 7 is only 3% smaller
than the non-mixing pseudopotential. The relatively stronger decrease in the small R
pseudopotentials suggests that Landau level mixing in the first excited Landau level
increases the probability of high angular momentum pair formation relative to the
non-mixing case. Landau level mixing acts to inhibit Laughlin correlations relative
to the isolated Landau level models.
Our results for Landau level mixing in the first excited Landau level disagree
with the results of a recent paper that calculated the effect of LL mixing on
the pseudopotential using perturbation theory [Bishara and Nayak (2009)]. Their
perturbation results predict that LL mixing should have a much smaller effect than
our results suggest. In addition, our results predict that Landau level mixing should
act to always depress the pseudopotential, while their results predict a slightly positive
change in the pseudopotential for odd values of R.
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It is unsurprising that the

perturbation results would disagree with our exact numerical diagonalization results
because, at experimentally typical magnetic fields, the parameter κ(B) is on the
order of 1, suggesting that Landau level mixing is too strong to be considered a small
perturbation to the system.
It should be reasonable to use the Landau level mixing affected pseudopotentials
presented to modify numerical systems with n-electrons confined to a single Landau
level in order to predict how Landau level mixing affects the behavior of condensed
states in the quantum Hall system. An additional aspect of Landau level mixing
that is not addressed is known as level crowding. In a nearly filled Landau level, the
presence of so many electrons highly restricts the available wavefunctions for electronic
transitions. As such, a electrons in a highly crowded LL may be more easily excited to
higher LLs than electrons in a less crowded system. However, we believe the effect of
Landau level crowding may not be very strong. Although transitions from the highly
crowded Landau level to a higher, empty Landau level may be encouraged by level
crowding, the same level crowding will simultaneously act to discourage excitations
from lower, filled Landau levels. Because the two-particle matrix elements of section
2.3 are typically of the same order for single Landau level transitions (transitions
from the nth to the (n + 1)st LL), we suspect that level crowding may not alter the
predicted Landau level mixing pseudopotential significantly.
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Chapter 5
Conclusions
In this dissertation, I have evaluated new analytic expressions for the two-particle
matrix elements and calculated the effect of Landau level mixing for the quantum
Hall effect.
The analytic expressions extend the work of [G. Fano (1986)] from the lowest
Landau level, LL0, into all higher Landau levels. The new expressions also rewrite
the quantum Hall problem in terms of the well-understood field of angular momentum
algebra. In addition, they simplify the calculation of the two-body matrix elements
and improve modeling techniques by connecting the pair pseudopotential V (L) more
directly to the inter-electron spatial potential, V (rij ). Using our expressions, we have
run some preliminary simulations indicating that well-width effects in the quantum
Hall effect are very small if the width is smaller than the magnetic length, in agreement
with the results of [Peterson et al. (2008)].
My calculations of the effect of Landau level mixing indicate that Landau level
mixing is very weak in LL0, but the effect is more significant in the first excited
Landau level, LL1. The effect of Landau level mixing in LL1 becomes more important
as the magnetic field strength is lowered enough that the Coulomb energy scale
becomes comparable to or larger than ~ωc . Landau level mixing in LL1 decreases
the pseudopotential V (L) more strongly for the highest allowed values of the pair
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angular momentum, L (corresponding to the lowest values of the relative angular
momentum, R = 2l − L), and that decrease is most dramatic for the maximum pair
angular momentum (which corresponds to R = 1 for spin-aligned fermions). As a
result, we predict that Landau level mixing should suppress Laughlin correlations in
the first excited Landau level; for samples in which κ(B) = e2 /~ωc 4πλ is sufficiently
large, the effect may be strong enough to disrupt some weak incompressible quantum
liquid states in LL1.
The calculations on the effect of Landau level mixing should be useful in various
future studies as a parameter for improving theoretical models of the system. It will be
useful to see how Landau level mixing affects the correlations and energy gaps in LL1
incompressible quantum liquid states. The LL mixing results should be included in
numerical models used to calculate quasiparticle pseudopotentials formed from states
in LL1. Future studies incorporating Landau level mixing might indicate systems
in which the effects of changes in κ(B) could be experimentally observed. Finally,
we would like to apply our results to composite fermion quasiparticles in studies of
the novel incompressible quantum liquid states observed experimentally [Pan et al.
(2003)].
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Quinn, J. and Wójs, A. (2000). Composite fermions and the fractional quantum hall
effect: essential role of the pseudopotential. Physica E: Low-dimensional Systems
and Nanostructures, 6(1-4):1 – 4. 12
Simon, S. H., Rezayi, E. H., and Cooper, N. R. (2007).

Pseudopotentials for

multiparticle interactions in the quantum hall regime. Phys. Rev. B, 75:195306.
11
Sitko, P., Yi, S. N., Yi, K. S., and Quinn, J. J. (1996). ”fermi liquid” shell model
approach to composite fermion excitation spectra in fractional quantum hall states.
Phys. Rev. Lett., 76:3396–3399. 12
Tsui, D. C., Stormer, H. L., and Gossard, A. C. (1982).

Two-dimensional

magnetotransport in the extreme quantum limit. Phys. Rev. Lett., 48:1559–1562.
2
U. Fano, G. R. (1959). Irreducible Tensorial Sets. Academic Press, New York. 47, 62

89
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